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Algoﬁ’thm AnalyS?S

Alf’oﬁ'thm Analysis




e
Introduction to Algor*i'thm Analt/sis

Algor‘?‘thm Analt/sisz
o A s‘tep-hy—s‘tep method for solving a pr*ofole_m.

o

@ How do we know it’s a '300&” or an “efficient" algor?‘thm?
@ What does “300&“" or “efficient'’ mean here?

@ How should we omalyze an oxlgori‘thm?

['r;me COMple)ﬂ‘ty ] How much''time'' does the O\Ifjor‘?thm toke
To retum an output.

How much Space and Me_mort/" resources
S Complexit ]
[ pace Tomplety are required to run an algoﬁ‘lﬁhm?

( Performance J Does the "*lfjof‘ Thm retum an “exact

solution or an “approxima’te" solution?

"Time and Space" co»«Plexﬂ:y is most co»«mov\ly known as ITU
”Computo“tional Complexs‘tt/”. o
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e
Introduction to Algoﬁ'thm Analt/sis

Algoﬁ‘thms mony perform d}P'Pe,re_n‘tlt/, that is wore or less efficient in
different situations

[T‘me_ Comple)(i‘t(/ ] o Best Case Scenario

@ Worst Case Scenario

° Average Case Scenario

How can we Rormalize these ideas, and deve_lop tools to quan‘tiPL/ the
above axSpe_Q'ts for any oxlgoﬁ’thm?

o
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"""« L
Analyz?ng Algoﬁ'thw\s: Time Co»«plex?'ty

We count the total number of “atomic operations" pe,r‘Pome_d l:t/ the
algon“thm. Each atomic operation takes o unit time

The number of operations depe,nds on the size of input, and so the
time cow\ple)a“tt/ is o function of the input size typ?callt/.
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"""« L
Analyz?ng Algori'thms

Example

x = Fixed Number

For t/=1 till w
Compare x ond Al’.yJ
End

Total Opera'tionsz n
(Time COMPlex\“tt/)

Toable: Algor‘i‘thm to Search an element in a given list A.

iu
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"""« L
Analyz?r\g Algof‘i’thms

Example,

For 2 =1 %ill n

For y=1 till n
Compare x and y

End

End

Total Operations: n2

('r?me_ Complex\“tl/)

Table: Alf,oﬁ‘thw\ to Search duplica‘te elements.

iu
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Analyz?ng Algori'thms

Pr‘oblem: Given a set of n Poin‘ts, connect every pair of Po?n‘ts Bt/
cirauAng a line between them.

For i =1 %ill n
For j=i+1 till n
Draw a line between point i o\ndj
End

End

Total Operations: n(n —1)/2

Is it OK to say that the
time complexi’tt/ of the

Alcjoﬁ’thm is n? instead o U
n(n—1)/2? A
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"""« L
Analyz?ng Algof‘i’thms
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S
Time Complexity Analysis

No. of operations n the algod‘thm

“ Approximate' expression

“Exact" expression
Gn terms of input size n)

Gn terms of input size n)

Could be hard to find SImple, but only give bouncls

o
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Time Comple,xi'tt/ Analt/sis

Asymp‘to‘hc Growth of the function £ measures: how fast the output
£Cn) grows as the inpu‘t n grows .

Our 3ooJ is to see if we can represent the limi‘t3n3 behavior of f(n)
us?ng some simple_r functions that can 3?ve_ us a 3ood idea of how
fast the function grows with n.

‘ We can g0 for the upper and lower bounds of F(n) under “certain condi- ’
tions'

o
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"""« L
Announcements

e Two Makeup Classes on Mondat/ May 20th at R-SPW\.
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e
Extra Credit Problems

New Problem:
Find the number of quizzes with the same constraints as before but
now each group contains three pe_ople_.

The Birst solution to this problem will canrry 30% credit to your RFinal
exom or is worth credit fFor two quizzes!

o
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e
Extra Credit Problems

Consider a 3rici of (z x y x 2) points such that each point is colored either red,
green, black, or blue. There a[u/ou/s exists a 3D r‘ec‘tomgle in the 3:‘1:1 such that
all eight of its vertices are the same colors. Find the minimum values of .y, 2.

o
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e
Diserete Structures: Learning Objec't3ve_s

@ use rules of Counting

o understand and solve problems on Graphs
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e
Compar‘ing Growth Rates: B?g Oh

th-oh is about {-\md?ng the oxsymp‘to‘tIc upper bound of the function.

Formal definition of B?g-Oh:
The notation f = O(g) is read as “Fis big-Ol« of 5.".

all n> Ty a There is a constant ¢ such that when
£ and e 3(»«) are 3raphed, the graph
of ¢ g(n) will remain higher than ), as

2,000

n 3e_'ts large_.

1,000

f(n),cg(n)
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"""« L
Big Oh: Example_

) = 20logn + 10
g(n) =y
Is f(n) = O(g(n))?
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e
Big Oh: Example_

) = 20logn + 100
9(") =y
Is f(n) = O(g(n))?

@ Yes!
@ Here ¢ =15, and ny = 10.

@ Note that for n >ngy , cg(n)
is an upper bound of f(n).

iu
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e
Comparing Growth Rates: B?g Oh

Rules for Asymp'to'tic Growth:

Let & 9 and h be functions from RT to RT:

Q@ If f=0(h) and g=O(h), then [+ g=0(h).
Q@ If f =0(g) and c is & constant greater than 0, then c.[ = O(g).
Q If f=0(g9) and g=0(h), then [ =O(h).
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"""« L
Big Oh - Example_
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Comparing Growth Rates: B?g Oh

Example_:
Find the (:»3:-1 Oh of an o»lgor‘i‘thm whose time complex]‘tc/ is tThe 'Po“owing:

f(n) =5n®+16(nlogn) + 5.2"
5n3 is O(n?) and n? is O(27)
16(n logn) is O(n logn) and nlogn is O(2™)

Hence,
f(n) =5n®+16(nlogn) +5.2" is O(2")

iu
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e
Comparing Growth Rates: B;S, Oh

Summo\ﬁ/:
We write: f(n) = O(n)
We say: fn)is Big o (*Oh'") of n
Remember OC) is SOIQIV an upper bound

Examf)lesz

200n = O(n)

n(n+1)/2 = O(n?)
O(nlogn) + O(n?) = O(n?)
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Compaﬁng Growth Rates: B|3 Q)

B?g Omega Q is about {-‘mding the asymptotic lower bound of the

function.

Formal definition of B‘ﬂ Ome_go\ O
The notation £ = Q(g) is read as “Fis Ome,go\ of ﬂ".

f(n) > cg(n) for all n>ng, where < is positive constant.

o
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e
Big Q: Exomple_




e
Big Q: Exow\ple_

@ Here ¢ =1/2 , and ng = 20.

@ Note that for n >ngy , cg(n)
is an lower bound of f(n).

iu
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"""« L
Compaﬁng Growth Rates: B|3 Q0

Rules for Asymp'to'tic Growth:

Let & 9 and h be functions from RT to RT:

o If f=Q(h) AND g=Q(h), then f+g=Q(h)
o If f=10Q(g9) and ¢ is a constant greater than O, then c.f = Q(g)
o If f=0(g) and g =Q(h), then f = Q(h)

o
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"""« L
Compaﬁng Growth Rates: B|3 Q)

Summo«‘y:

We write: f(n) = Q(g(n))

We say: fn)is Blg Q of 3(»'\)
Remember QL) is shnplt/ a lower bound

Examples:
200n = Q(n)
n? = Q(n)

n? =Q(n log n)
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"""« L
Compo\ﬁng Growth Rates: B?g Theta (B)

Big Theta (O):
The notation [ = O(g) is read as "Fis big theta of 3".

Loosely speaking, = 0(g) means the algor?thm is sandwiched between

the same upper and lower bound. This gives us a precise measure of
work.

o
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"""« L
Compo\ﬁng Growth Rates: B?g Theta (B)

Let £ and ¢ be two Functions From Z* to Zt. Then f = O(g) i and
onlt/ i

f=9(g) and f = 0O(g)

f(n) = 0.5n° — 100n> + 3n — 1 150
g(n) =n® _
£ 100 {
f(n) =6(n°) >
S
= 50
0

0 2 4 6 8 10

n
o
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Co»«po\ﬁng Growth Rates: B?g Theta (B)

We write: f(n)=0©(g(n))
We say: f(n) is "Big © of g(n)"

Translation: IR two Punctions have o running time that differs l:v./ a
constant, we say ‘the_c/ have the sowme growth rate.

o
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"""« L
Co»«paﬁng Growth Rates: B?g Theta (B)

[ Example: Show n(n+1)/2=0(n?),n>0 ]

nn+1)/2 < c¢(n?) 722
How about ¢ =2
n(n+1)/2 <2(n?)

n(n+1)/2 is O(n?)




"""« L
Co»«paﬁng Growth Rates: B?g Theta (B)

[ Example: Show n(n+1)/2=0(n?),n>0 ]

n(n+1)/2 > c¢(n?) 772
How about ¢ =1/2
n(n+1)/2 > 1/2(n?)

n(n+1)/2 is Q(n?)




"""« L
Co»«po\ﬁng Growth Rates: B?g Theta (B)

[ Example: Show n(n+1)/2 =06(n?), n >0 ]

n(n+1)/2 is O(n?)

nin+1)/2 is Q(n?)

Conclusion: n(n +1)/2is O(n?), which is o tight bound on the amount of
work.

o
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"""« L
Co»«paﬁng Growth Rates: B?g Theta (B)

[ Example_: Show log(n +1) = @(log n) ]




Compo\ﬁng Growth Rates: B?g Theta (B)

[ Example: Show log,(n + 1= @(log n) ]

Approach: Again, we need to demonstrate two things to make our 633
theta case...

Q@ The function does at most loa(n) work to say it is O(log n)
Q The Punction does at least los(n) work to say it is Q(logn)
(=] Conclude the Punction does Of logu) work, which is & 'tigln’t bound.

o
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Co»«po\ﬁng Growth Rates: B?g Theta (B)

[ Example: Show log(n +1)= @(log n) ]

1. Show log(n—i— 1) is O(logn)
We know n<n+1<n? forn>2

So it Pollows that
|03(7L) < log(n +1)< l03(7L2) =2 103(n) for n > 2

Since lo«:f(n +1)<2 103(n), we conclude that
log(n + 1) =0 log(n)

o
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"""« L
Co»«po\ﬁng Growth Rates: B?g Theta (B)

[ Example: Show loa(n +1) = 6(103 n) ]

2. Show log(n—l— 1) is Q(Iogn)
We observe loﬂ(n +1) > log(n)
So we con conclude it is Q(logn)

3. Since los,(n—i— 1) is both O(logn) and Q(logn), we conclude that the
given function

log(n + 1) = @(log n)

iu
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"""« L
Compo\r‘ing Growth Rates: B?g Theta (O)

Ocrder OF
If f = O(g) , then fis said to be an order of ¢

Constant function
A Function that does not depe_nd on n ot all is called o constant Punc-
tion.

Polt/nomial
A function £ (n) is said to be Polynomial R R G )is O(n*) for some con-
stant £ >0

o
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Nome of | Function Example Algoﬁ‘thm
Function

Constant fln)=c Accessing an array element
Logarithmic fln) = logn Binary search

Log- f(n) = 103 logn Swmoothsort
Logarithmic

Linear fln)=n Simple_ search
Linearithmic fln) = nlogn Efficient sorting algorithms
Quadratic f(n) =n? Bubble sort

Cubic f(n) =n? Matrix multiplication
Expone_n‘tial fln)=2" Algor?‘tlr\ms with exhaustive search

ifu
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Co»«po\ﬁnﬂ Growth Rates

60 |

S
o

Growth Rates
(W~}
S
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e
Compo\ﬁng Growth Rates

Exercise (Round 1):

Indicate the “order of 3r‘ou/th" rela‘tionsh?ps between the ‘Po“ow?ng
expressions From lowest order to highest order. If two expressions
have the same order place them in a set together.

[ n!, n?, log(n), 3", n?, nlog(n), log(logn), 2n ]

o
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e
Compo\ring Growth Rates

Exercise (Round 1):

Indicate the “order of 3r‘ou/th" rela‘tionsh?ps between the ‘Po“ow?ng
expressions From lowest order to highest order. If two expressions
have the same order place them in a set together.

[ n!, n?, log(n), 3", n?, nlog(n), log(logn), 2n ]

[log(losn), |°S]( ) nlog( ), n?, n3, 2", 3", n! ]

o
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e
Compo\ﬁng Growth Rates

Exercise (Round 2):

Indicate the “order of 3rovth” relationsh}ps between the Po“owing
expressions from lowest order to highest order. If two expressions
have the same order place them n a set together

[ n2, log(n2), (logn)?, 2n, 2%, 1, log(n), n log(n), log(log(n)) ]

o
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e
Compo\ring Growth Rates

Exercise (Round 2):

Indicate the “order of 3rovth” relationsh}ps between the Po“owing
expressions from lowest order to highest order. If two expressions
have the same order place them n a set together

[ n2, log(n2), (logn)?, 2n, 2%, 1, log(n), n log(n), log(log(n)) ]

[log(log(n)), {log(n),log(nz)}, (logn)z, 2n, nlog(n), n?, n3, 2" ]

o
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"""« L
Algoﬁ’thm AnalyS?S

Example_: Algoﬁ‘thm to Bind the smallest in o sequence of numbers

[Inpu‘t: Q1) G2y A3 eeses | On Output: Smallest number in the sequence ]
min = aq 1 Assignmen't Op
For i=21to n loop iterated n — 1 times
# Cag < min) For loop tests i and increments i
nmn = a; @ Ops) 1 op for comparison + 1 op
End For Gn worst case) for assignmey\’t
Return (min) 1 op return

f(n) =No. of Ops on a sequence of leng‘th n
fn)=Mn—-Dec+d=cn—c+d=06(n)

o
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"""« L
Algoﬁ’thm AnalyS?S

Example_: Worst case Complexi‘t«./- Find Moximum value of a Punction

[Inpu‘t: Q1y A2 A3 eee ; On Ou’tpu't: La\rge_s‘t M from the sequence ]

maz == M(a;,a;,ar)
Fori=1ton
For j=11%ton
For k=1ton
new := M(a;, aj, ax)
i® Cnew > M(a;, a5, ar))
max := new
End For
End For
End For

Retum (max)

o
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"""« L
Algoﬁ’thm AnalyS?S

Example_: Worst case Complexi‘t«./- Find Moximum value of a Punction

[Inpu‘t: Q1y A2 A3 eee ; On Ou’tpu't: La\rge_s‘t M from the sequence ]

maz == M(a;,a;,ar)
Fori=1ton
For j=11%ton
For k=1ton
new := M(a;, aj, ax)
i® Cnew > M(a;, a5, ar))
max := new
End For
End For
End For

Retum (max)
The worst-case time complexi‘ty of the
o\lgor‘?‘thm is O(n?) frU
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"""« L
Algoﬁ‘tl«m Analys?s

Example_: Worst case Complexi‘t«./- Find Maximum value of a function

[Inpu‘t: Q1y A2 A3 eee ; On Ou’tpu't: Larges‘t M from the sequence ]
maz == M(a;,a;,ar)
Fori=11ton o o) to compute the
For j=11%ton value of M on any input

For k=1ton
new := M(a;, aj, ax)
i® Cnew > M(a;, a5, ar))
max := new

o At leas't one ope_r‘o:tion
is performed in the
innermost loop, so the

End For Time cow\ple)o“tv./ of the
End For algoritihm s Q(n?)
Endl For @ The number of
Retum (mazx) opefo(tions Pefpormed n
The worst-case time complexi‘ty of the the worst case is at
algorrthm is O(n?) most cn®+2 | which IﬂU
O(n?). A-
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