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e
Conditional Proposi'tions

Conditional Proposition : p — ¢
Read as: If p then ¢ J

Example:

If 7 is o positive even number; then z is divisible l-:y .

If z is not a positive even number, then = may of may not be divisible
By .

Note: 4 conditional proposition is Ralse ov\ly when the premise is tmﬁU

and the Qonclu&on is Palse.
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p 9| p—4q
True
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Exaw«ple_:
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Note: 4 conditional proposition is Ralse ov\ly when the premise is tmﬁU

and the Qonclu&on is Palse.
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Conditional Proposi'tions

Conditional Proposition : p — ¢
Read as: If p then ¢ J

p q p—4q
True | True
True | False
False | True
False False

Example:

If 2 is o positive even number, then  is divisible lat/ .

If 7 is not a pos]‘tive_ even number, then may or may not be divis?(:le_
l:t/ .

Note: 4 conditional proposition is Ralse ov\ly when the premise is tmﬁU
and the Qonclu&on is Palse.



e
Conditional Proposi'tions

Conditional Proposition : p — ¢
Read as: If p then ¢ J

p q p—4q
True | True | True
True | False | False
False | True | True
False False True

Example:

If 2 is o positive even number, then  is divisible lat/ .

If 7 is not a pos?‘tive_ even number, then may or may not be divisi(:le_
l:t/ .

Note: 4 conditional proposition is Ralse ov\ly when the premise is tmﬁU

and the Qonclu&on is Palse.



Trvial lt/ True Conditionals

Tr?v?a“t/ True Conditional:

If the conclusion is true regomdless of the hypothesis part, the
conditional statement is trivially true.

Truth Table:
Exom Pl e Ht/Po't hesis | Conclusion | Conditiona
True True True
If e_lephom‘ts can \Qlt/, then & + True False False
= 4. False True True
I:alse I:alse True
Explo\no\‘t}on:
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Trvial lt/ True Conditionals

Tr?v?a“t/ True Conditional:

If the conclusion is true regomdless of the hypothesis part, the
conditional statement is trivially true.

Truth Table:
Exom Pl e Ht/Po't hesis | Conclusion | Conditiona
True True True
If e_lephom‘ts can \Qlt/, then & + True False False
= 4. False True True
I:alse I:alse True

Explo\no\‘t}on:

@ Since the conclusion (2 + 2 = 9) is alww,S true,
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Trvial lt/ True Conditionals

Tﬁv?a“y True Conditional:

If the conclusion is true re_go\rdless of the hypothesis part, the
conditional statement is 'tr‘ivia“t, true.

Truth Table:
Exom Pl e Hypo‘t hesis | C onclusion | Conditiona
True True True
If e_lephom‘ts can Ply, then & + True False False
= 4. False True True
False, False, True
Explo\no\‘t}on:

@ Since the conclusion (2 + 2 = 4) is alww,S true,
o it doesn’t matter whether elephants can Plv./ or not.

o
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Trvial lt/ True Conditionals

Tﬁv?a“y True Conditional:

If the conclusion is true re_gomdless of the hypothesis part, the
conditional statement is 'tr‘ivia“tl true.

Truth Table:
Exounp le: Hypo‘t hesis | C onclusion | Conditiona
True True True
If e_lephom‘t& can Ply, then & + True False False
= 4. False True True
False, False, True
Explo\no\‘t}on:

@ Since the conclusion (2 + 2 = 9) is alww,s true,

o it doesn’t matter whether elephants can Plv./ or not. T
I|U

@ This makes the conditional statement 'tr?v?a“y true. o
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Vacuouslt/ True Conditionals

VaQuously True Conditional:

If the hypothesis is false, then the conditional statement is

vacuouslt/ true r‘e_gar‘dle_ss of the conclusion Par’t.

Example_:

If unicoms exist, then 1 + 1 = 3,

Explo\no\‘t}on:

Truth Table:
Hyloo‘thesis Conclusion | Conditiona
False True True
False False True

ifu
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Vacuously True Conditionals

Vo\cuously True Conditional:

If the hypothesis is false, then the conditional statement is

vacuouslt/ true regardle_ss of the conclusion Par’t.

Example_:

If unicoms exist, then 1 + 1 = 3,

Explo\no\‘t}on:

o Since the hypothesis (unicorns exist) is false,

Truth Table:
Hyloo‘thesis Conclusion | Conditiona
False True True
False False True

o
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Vacuously True Conditionals

Vo\cuously True Conditional:

If the hypothesis is false, then the conditional statement is

vacuouslt/ true re_gardle_ss of the conclusion Par’t.

Examp le_:

If unicoms exist, then 1 + 1 = 3,

Explo\no\‘t}on:

o Since the hypothesis (unicorns exist) is false,

Truth Table:
Hy(oo‘thesis Conclusion | Conditiona
False True True
False False True

o the conditional statement is automat1cally considered true,

o
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Vacuously True Conditionals

Vo\cuously True Conditional:

If the hypothesis is false, then the conditional statement is

vacuouslt/ true re_gardle_ss of the conclusion Par’t.

Examp le_:

If unicoms exist, then 1 + 1 = 3,

Explana‘tbn:

o Since the hypothesis (unicorns exist) is false,

Truth Table:
Hy(oo‘thesis Conclusion | Conditiona
False True True
False False True

o the conditional statement is automat1cally considered true,

° re_go\rdless of the truth value of the conclusion.

o
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"""« L
EquiValence of Conditional Statements

Question:
Is p — ¢ the same as Cequivalent to) ¢ — p? J
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Equ?Valence of Conditional Statements

Question:

Is p — ¢ the same as Cequivalent to) ¢ — p? J
Answer:

No, p — ¢ is not the same as ¢ — p. J
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Equ?VoJe_nQe_ of Conditional Statements

Question:

Is p — ¢ the same as (equivalent to) ¢ — p? J
Answer:

No, p — ¢ is not the same as ¢ — p. J

Explomoct}on;
@ p— q means "if pis true, then ¢ is true."
@ ¢ — p means "if ¢ is true, then p is true."
@ These two statements have different meanings and can have
Ji*PPe_ren‘t truth Values.
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e
Equ?Valence of Conditional Statements

Question:

Is p — ¢ the same as (equivalent to) ¢ — p? J
Answer:

No, p — ¢ is not the same as ¢ — p. J

Explomod:}on;
@ p— q means "if pis true, then ¢ is true."
@ ¢ — p means "if ¢ is true, then p is true."
@ These two statements have different meanings and can have
diPRerent truth values.

Example:

Let p be '"It's rodning" and ¢ be "I carty an umbrella."
p—q Ifit’s raining; I carry an umbrella.
q—p: IF I carry an umbrella, t’s raining.

— =y = et
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Equivalence of Co»«pound Propositions

Question:

Is the truth value of (p = r)A (g — 1) alwa\ys the same as the truth
value of (pVgq) =72

ifu

Mudassir Discrete Structures



Equivalence of Co»«pound Propositions

Question:

Is the truth value of (p = r)A (g — 1) alwm/s the same as the truth
value of (pVgq) =72

v

Answer:

Yes, the truth value of (p = 7)A (¢ —7) is o\lwmﬁ The same as the
truth value of (pVgq) — 7.

ifu
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e
Equivalence of Compound Propositions

Question:

Is the truth value of (p = r)A (g — 1) alwau-,s the same as the truth
value of (pVgq) =72

v

Answer:

Yes, the truth value of (p = 7)A (¢ —7) is o\lwm/s The same as the
truth value of (pVgq) — 7.

Explana‘t?on:
0 Let’s examing both Pr‘opos?tions with o truth table.

o
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e
Equivalence of Compound Propositions

Question:

Is the truth value of (p = r)A (g — 1) alwau-,s the same as the truth
value of (pVgq) =72

v

Answer:

Yes, the truth value of (p = 7)A (¢ —7) is o\lwm/s The same as the
truth value of (pVgq) — 7.

Explomod:?on:
o Let’s examine both propositions with a truth table.
@ If both (p = 7) and (¢ = 1) are true, it means p and ¢ implt/ T

o
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"""« L
Equ?Valence_ of Compound Proposi'tions

Question:

Is the truth value of (p = r)A (g — 1) alwau./s the same as the truth
value of (pVgq) =72

v

Answer:

Yes, the truth value of (p = 7)A (¢ —7) is o\lwm/s The same as the
truth value of (pVgq) — 7.

Explomo\'t?ov\:
o Let’s examine both propositions with a truth table.
@ If both (p = 7) and (¢ = 1) are true, it means p and ¢ implt/ T
@ In (pVq) =7 the condition pV ¢ also imphes r.

o
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"""« L
Equ?Valence_ of Compound Proposi'tions

Question:

Is the truth value of (p = r)A (g — 1) alwau./s the same as the truth
value of (pVgq) =72

v

Answer:

Yes, the truth value of (p = 7)A (¢ —7) is o\lwm/s The same as the
truth value of (pVgq) — 7.

Explomo\'t?ov\:
o Let’s examine both propositions with a truth table.
@ If both (p = 7) and (¢ = 1) are true, it means p and ¢ implt/ T
@ In (pVq) =7 the condition pV ¢ also imphes r.
@ Therefore, the two propositions have matching truth values. ITU
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Equivalence of Compound Propositions: Truth

Table

Truth Table for (p = 7) A (g —=7) and (pVq) =7

plag|r|p=rlg=r|@=r)A@—=r) | (Vg =7
T[T |T]| T T T T
T|T|F| F F F F
T|F|T]| T T T T
T|F|F| F T F F
Flo|T| T T T T
FIT|F| T F F F
FIF|T| T T T T
FIF|F| T T T T
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e
Equivalence of Different Statements

Statement | Equivalent Statement
D —q p is subficient for ¢
p—q q is necessary for p
p—q P onlt/ R g

Explano(tion:

o All Pour statements describe the same imphco:t?on re_lo:t?onship
between p and q.

® The statements emphasize Aifferent aspects of the implico:tion,
but they are log?co\“y equivalent.

o
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Sufficient Condition

Statement: If a sufficient condition is true, then it is 3uo«‘o\n‘teed
that the conclusion holds.

Example:
Suppose we have an exam with the Po“owing rule:

o If you score ot least €0% on the midterm, then you will pass
the course.

Here, scoring 0% or higher on the midterm is a sufficient condition
for passing the course.

Explomo:t?on:

o
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"""« L
Sufficient Condition

Statement: If a sufficient condition is true, then it is 3uo«‘o\n‘teed
that the conclusion holds.

Example:
Suppose we have an exam with the Po“ow?ng rule:

o If you score ot least €0% on the midterm, then you will pass
the course.
Here, scoring 0% or higher on the midterm is a sufficient condition
for passing the course.

Explomo(t]on:

o If a student Rulfills the sufficient condition of scoring at least
0%, they are quaranteed to pass.

o
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"""« L
Sufficient Condition

Statement: If a sufficient condition is true, then it is 3uo«‘od\teed
that the conclusion holds.

Example:
Suppose we have an exam with the Po“ow?ng rule:

o If you score ot least €0% on the midterm, then you will pass
the course.
Here, scoring 0% or higher on the midterm is a sufficient condition
for passing the course.

Explana‘t]on:

o If a student Rulfills the sufficient condition of scoring ot least
80%, they are quaranteed to pass.

@ The exom rule ensures that achieving the sufficient condition
automaticallt/ leads to the desired conclusion. ITU
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e
Sufficient Condition and False Hypothesis

Statement: If the sufficient condition (kypo’thes}s) is Palse, we can’t
say anything about the conclusion.

Example:

Consider the rule for 3e‘t‘t3n3 a bonus at work:

o If you work overtime on weekends, then you’“ receive a bonus.

Here, work?ng overtime on weekends is a sufficient condition for
receiving o bonus.

Explomo(tbn:

o
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"""« L
SuPficient Condition and False Hypothesis

Statement: If the sufficient condition (kypo’thes}s) is Palse, we can’t
say anything about the conclusion.

Example:

Consider the rule for 3e‘t‘tin3 a bonus at work:

o If you work overtime on weekends, then you’“ receive a bonus.

Here, work?ng overtime on weekends is a sufficient condition for
receiving o bonus.

Explana‘t}on:
o If an employee_ doesn‘t work overtime on weekends, we can’t
determing whether ‘tl«et/’“ receive a bonus or not.

o
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S
SuPficient Condition and False Hypo’thes?s

Statement: If the sufficient condition (kypo’thes}s) is Palse, we can’t
say anything about the conclusion.

Example:

Consider the rule for 3e‘t‘tin3 a bonus at work:

o If you work overtime on weekends, then v./ou’“ receive a bonus.

Here, working overtime on weekends is a sufficient condition for
receiving o bonus.

Explana‘t}on:
o If an employee_ doesn‘t work overtime on weekends, we can’t
determing whether ‘tl«et/’“ receive a bonus or not.

® The rule onlv./ quarantees a bonus i the sufficient condition
(work}ng overtime) is met.

o
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S
Sufficient Condition and False Hypo’the_s?s

Statement: If the sufficient condition (kypo’thes}s) is Palse, we can’t
say anything about the conclusion.

Example:

Consider the rule for 3e‘t‘tin3 a bonus at work:

o If you work overtime on weekends, then v./ou’“ receive a bonus.

Here, working overtime on weekends is a sufficient condition for
receiving o bonus.

Exp[oma‘tion:
o If an employee_ doesn‘t work overtime on weekends, we can’t
determine whether ‘tl«et/’“ receive o bonus or not.
® The rule onlv./ quarantees a bonus i the sufficient condition
(wof‘k?ng overtime) is met.
o If the sufficient condition is not met G.e., it is Ralse), the ITU
conclusion (rece‘.v}ng o bonusg) is undefined. o
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e
A/e_ce,sswwl Condlition

Statement: 4 necessary condition must be true for the conclusion to
holel.
Example_:
Consider the requirement for attending o concert:
@ To enter the concert, you must show a valid ticket.

Here, having o valid ticket is o necessary condition to enter the
concert.

Explomo:t}on:

o
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e
Ne_ce,ssw*y Condition

Statement: 4 necessary condition must be true for the conclusion to
holel.
Example_:
Consider the requirement for attending o concert:
@ To enter the concert, you must show a valid ticket.

Here, having o valid ticket is o necessary condition to enter the
concert.

Explomo:t}on:

o If you don’t have a valid ticket, you cannot enter the concert.

o
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e
Ne_ce,ssw*y Condition

Statement: 4 necessary condition must be true for the conclusion to
holel.
Example_:
Consider the requirement for attending o concert:
@ To enter the concert, you must show a valid ticket.

Here, having o valid ticket is o necessary condition to enter the
concert.

Explomo:t}on:
o If you don’t have a valid ticket, you cannot enter the concert.

@ The condition is necessary for o«:ce_ssing the event; it's a
prerequisite.

o
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e
A/e_ce_ssanl Condition and False Conclusion

Statement: If the necessary condlition is false, we can conclude that
the conclusion cannct hold.

Example:

Suppose_ you have a passwrd-protected app with the Po“ow?ng rules
® To access the app, you must know the correct password.

Here, knowing the correct password IS a necessary condition to
access the app.

Exp[ana‘t}on:

o
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e
A/e_ce_ssanl Condition and False Conclusion

Statement: If the necessary condlition is false, we can conclude that
the conclusion cannct hold.

Example:

Suppose_ you have a passwrd-protected app with the Po“ow?ng rules
® To access the app, you must know the correct password.

Here, knowing the correct password IS a necessary condition to
access the app.

Exp[ana‘t}on:

o If you don't know the correct password, you can’t access the
2pp; t’s o must-have.

o
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e
A/e_ce_ssanl Condition and False Conclusion

Statement: If the necessary condlition is false, we can conclude that
the conclusion cannct hold.

Example:

Suppose_ you have a passwrd-protected app with the Po“ow?ng rules
® To access the app, you must know the correct password.

Here, knowing the correct password IS a necessary condition to
access the app.

Exp[ana‘t}on:

o If you don't know the correct password, you can’t access the
2pp; t’s o must-have.

o If the necessary condition is Ralse, we can conclude that the
conclusion is impossilale_. frU
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"""« L
Converse, Con‘tr‘apogi‘tiVe_, and Inverse

Original Statement: If a person is o programmer then 'tl'\el/ know how

to code.

Converse

Cont r‘aposi‘t?ve_

Inverse

If a person knows
how to code_,

then ‘tl«e_t/ are o pro-
3rammer.

If o person doesn’t
know how to code,
then ‘the_t/ are not a
Pt‘ogf‘ammer‘.

If o person is not a
pPO3rammer,
then ‘they don’t know
how to code.

Explo\no\‘t}on:

o
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"""« L
Converse, Con‘tr‘apogi‘tiVe_, and Inverse

Original Statement: If a person is o programmer then 'tl'\el/ know how

to code.
Converse Con‘tr‘aposi‘t?ve_ Inverse
If a person knows | If a person doesn’t | If o person is not a
how to code_, know how to code_, programmer
then ‘the_t/ are a pro- | Then ‘the_t/ are not a | then ‘they don’t know
grammer. programmer. how to code.

Explo\v\o\‘t}on:
@ The converse switches the hypo‘thesis and conclusion of the
orig]no\l statement.

o
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"""« L
Converse, Contraposi'tiva, and Inverse

Original Statement: If a person is o programmer then 'tl'\el/ know how

to code.
Converse Con‘tr‘aposi‘t?ve_ Inverse
If a person knows | If a person doesn’t | If o person is not a
how to code_, know how to code_, programmer
then ‘the_t/ are a pro- | Then ‘the_t/ are not a | then ‘they don’t know
grammer. programmer. how to code.

Explo\no\‘t}on:
@ The converse switches the hypo‘thesis and conclusion of the
orig]nal statement.
® The inverse negates both the hypothesis and conclusion of the
or*is,inal statement.

o
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"""« L
Converse, Contraposi'tiva, and Inverse

Original Statement: If a person is o programmer then 'tl'\el/ know how

to code.
Converse Cont r‘a\Posi'tIVe_ Inverse
If a person knows | If a person doesn’t | If o person is not a
how to code_, know how to code_, programmer
then ‘the_t/ are a pro- | Then ‘the_t/ are not a | then ‘they don’t know
grammer. programmer. how to code.

@ The converse switches the hypo‘thesis and conclusion of the
orig]nal statement.

® The inverse negates both the hypothesis and conclusion of the
oris,inal statement.

® The contrapositive negates both the hypothesis and conclusion of
the oﬁginal statement and switches them. ITU
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"""« L
Converse, Contraposi'tiva, and Inverse

Original Statement: If a person is o programmer then 'tl'\el/ know how

to code.
Converse Cont r‘a\Posi'tIVe_ Inverse
If a person knows | If a person doesn’t | If o person is not a
how to code_, know how to code_, programmer
then ‘the_t/ are a pro- | Then ‘the_t/ are not a | then ‘they don’t know
grammer. programmer. how to code.

@ The converse switches the hypo‘thesis and conclusion of the
orig]nal statement.

® The inverse negates both the hypothesis and conclusion of the
oris,inal statement.

® The contrapositive negates both the hypothesis and conclusion of
the oﬁginal statement and switches them. ITU

@ These variations may or wmay not have the some truth values as’
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Bi-conditional Pr‘opos?‘t?ons

Stotement: 4 bi-conditional proposition (P < Q) is true i both parts
have the same truth Value_.

Exomple;

Consider a r‘ule_ for a 'th/o-wod/ Truth Table:

Ticket To a theme park: 5 0 PO 0

@ You can use the ‘two-u/OJ/ True | True True

ticket i and only i you enter True | False | False
The park in the morming. False | True | False

Here, using the two-way ticket is False | False | True

bi-conditional to entering the park

n the morming.
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"""« L
Example,s of Biconditional Propos?‘t?ons

Exowple, 1 Example_ Y

@ One comera is

has 29 d
) Fe_lar‘uar‘l/ as ays necessary and sufficient to

i® and onlt/ iR it’s o le_ap

year QOMPle‘tely monitor any convex

area.

Example oY Funm/ Example_:

o You'll become a master chef
iR and onlt/ iR you can
microwave popcorn without

bumimg .

o You'll pass the exam
iR and onlt/ RS t/ou'Ve_ studied
for ot least 10,000 minutes.

o
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__________________________________________________________
Log?ca“y Equivalent Propositions

Proposi‘t?ons are Losﬁco\“y Equivalent:

Two propositions are |o§j‘uco\“t/ equ}VQlen't when ‘they have the
same Truth values for every Possil:le combination of truth val-
ues of their variables.

Example_:

Consider propositions P : It’s raining and @ : I need an umbrella.
They are loglcally equIValent because whenever it’s raining, I
need an uml:»r‘e_“a, and whenever I don’t need an umbr‘e_“a, it’s not
r‘o&ning.

u
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Equ?Valence of p—=q and =g — —p

Truth ToJ:le_ for p— ¢ Truth Table for ~g = —p
q | 7q | 7q — P
Pl qg|Dp—4q
p q | /q—>p
T | T T
T | T T
T| F F
T| F F
F|T T
clel FlT T
F| F T

Conclusion: Yes, p = q is equivalen't to —q — —p. They have the same
truth values for all combinations of p and q.

iu
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Are Converse and Inverse Propositions
Equivalent?

Question: Is it True that converse propositions are eauivalent to
inverse propositions?

iu
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Equivalence: —(p = q) and p A —q

Pr‘opos}'tionsz —(p = q) and pA—gq
Truth Table (Step 1

PA—q

nnA A
MBI
R I

o
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Equivalence: —(p — ¢q) and p A —q

Propositions: —(p = q) and pA g
Truth Table (Step D

P | qg | pANgq
T T F
TI|F T
F|T F
FI|F| F
Truth Table (Step )
plaglp—=q|-(p—0q
T T T F
T|F| F T
FlT| T F
F|F T F

iu

Mudassir Discrete Structures



__________________________________________________________
Equivalence: —(p — ¢q) and p A —q

Propositions: —(p = q) and p A —q
Truth Table (Step 1

p|q|pA—g
TT F
T|F| T
FlT| F
FIF| F
Truth Table (S‘tep )
p|lqg|p—>q|-(p—q)
T T | T F
T|F| F T
Flr| T F
FIF| T F

Conclusion (S‘tep 2): (p — q) S equ|VQlen't to pA—q as 'the_l/ have frU
the same truth values for all combinations of p and q.
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Tau‘to|03y: Definition and Exomple_

Tautology: A proposition that is o\lwoufs true, regardless of the
truth values of its variables.
Example: pV-pis o tautologt/.

Truth Table:
p|-p|pV-p
T F T
Fl|T T

iu
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Contradiction: Definition and Example,

Contradiction: 4 proposition that is always Palse, r‘egomdless of the

truth values of its variables.

Example: pA—p is a contradiction.
ple: pA-p

Truth Table:
p|p|pA-p
T F| F
FIlT| F

iu
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To\u‘toloiﬁ and Contradiction in L.03ical
Operations

Question: IR t is a 'tau‘tology and ¢ is a contradiction, tThen what are
the values of pAt and pAc?

o
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Tau‘to|03y and Contradiction in L.033Q0\|
Operations

Question: TR ¢ is a ‘to\u‘tologt/ and ¢ is a contradiction, then what are
the values of pAt and pAc?
Answer:

° pAtis equivalent to p for any value of p since t is always true.

@ pAc is False for any value of p since ¢ is alwau,s false.

o
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