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Cc oun‘tina

COUNTING/ COMBINATOKRICS




e
Cc oun‘tins,

You want to secure your Instagram. Hockers have a progrom that
can try one willion passwords per second. How lons, would it take them
to break your password with the Po“ow?ng rules?

Password Social Login Two-Step Authentication Connected Apps Account Recovery

To update your password enter a new one below. Strong passwords have at least six characters,
and use upper and lower case letters, numbers, and symbols like ! " ? $ % * & ).

New Password

FYTTTTTT T |

+/ Your password can be saved.

If you can't think of a good password use the button below to generate one.

Generate strong password
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Cc oun‘t?ng

How many unique intermet devices are Possible_?

172 . 16 .254 . 1 Dot-decimal
sigmgzgnt ', * * ’ notation

bit ™. Binary
10101100.00010000.11111110.00000001 numbering
1st 2ed 3ed 4th Octet's order

32-bit (4 bytes)

o
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Cc oun‘t?ng

Given o collection of DNA sequences which two are
most likelt/ to respond to the same medicine?

~70% ~30%
1 individual of 19 individuals mostly from
blended ancestry G ﬁ} European ancestry

.

African
C , Admixed American
Emm - o ﬁ Ry
- |

— European
- South Asian

Original reference human genome sequence
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Coun‘t?ng n ML

What is the optimal heis,h't of a Decision Tree?

- . B,
¢ B ER g w5
e o

Decision Tree Random Forest
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e
Cc oun‘tins,

So, let us start Coun‘t%ng,/
o We will start with some basic rules.
o Followed l:c/ Sowme Proctice Exaw«ple_s.
® We see how to count Combinations and Permutations.
o And Las’tly, we will see P?ﬂe_onlnole_ Pr?nciple_.

o
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The Product Rule

Basic cow«‘ting questions are of the form

In how many ways can you do this task?

The “pmduc’t rule" applie_s when a task is made up of separate
tasks that can be done in series.

If & task can be broken down into two tasks with n ways to do the

first task and m ways to do the second, then there are 1 x m ways
n total.

Theorem

A x B| = 4] x |B] J

o
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e
The Product Rule

If & task can be broken down into two tasks with n woys to do the
first task and m ways to do the second, then there are n x m woys
n total.

o
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The Product Rule - Undefs‘tanding

y—Y¥

a
> d
@MMultan) . Sakhar
[+

Question: How MaNY woays to g0 from Lohore to Sakhar?

One can go from Lahore to Sakhar bv./ using the Po”owing paths
a—d,a—e b—d b—e c—dor c—e

OR

Total ways = woys from Lahore to Multan Xwoys from Multan to
Sokhar

Total woays = 3 X2 = 6
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Generalized Product Rule

Let’s 3eneralkze the produc‘t rule Por Binite number of tasks.

Generalized Product Rule:

Suppose that a procedure can be broken down into a sequence of i
tasks. If there are 11 ways to do the first task, for each of these
ways of doing the first task, there are 12 ways to do the second
task, and for all of these woys of Joing the Birst i — 1 tasks, there
are 1; ways to do the i'" task, then there are 11 X ng X ... X n; ways to
do the procedure.

o
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The Product Rule - Example,

01110110
Question: How many different bit
S‘tf‘?ngs of le_ns'th e_igh‘t are there? 0 1 0 -I 0 -I -I 0
01111110




e
The Product Rule - Example_

Question: How mony difRerent bit
S‘tf‘?ngs of le_ng‘th e_igh‘t are there? 0 1 1 1 0 1 1 0

Answer: Each of the eight bits
con be chosen in two wows,
because each bit is either O or 1. 01010110
Therefore, the product rule shows
there are o total of 28 = 256

difPerent bit strings of leng‘th
i 01111110

o
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The Product Rule - Example_

Question: 4 new company with jus't two
e_mp[ot/ee_s, Fatima and Ah, rents o floor
of o Bu}lding with 12 offices. How many
woys are there to assign different
offices to these two employees?

o
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e
The Product Rule - Example_

Question: 4 new company with just two

emp[ot/ees, Fotima and Ali, rents a floor
of a bu?lding with 12 offices. How mawny

ways are there to assign different

offices to these two employees?

Answer: The procedure of assigning offices to these two employe_e_s
consists of assigning an office to Fatima, which can be done in 12
woys, then assigning an office to Al different Prom the office
assigned to Fatima, which can be done in 11 wows. BL/ the produc't
rule, there are 12 x 11 =132 ways to assign offices to these

two e,mplot/e_e,s.
1u
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The Product Rule - Exomple_

Question: The chairs of an auditorium are
to be labeled with an uppercase Enﬂlish

letter Rollowed by o positive integer not
exceedins 100. What is the largest number of fil
chairs that can be labeled diPPe_re,n‘tlt/?
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The Product Rule - Exomple_

Question: The chairs of an auditorium are
to be labeled with an uppercase English

letter followed by o positive integer not
e,xce_e_d?ns 100. What s the largest number of il
chairs that can be labeled A?P*Pe_r‘e,n‘tlt/?

Answer: The Product cule shows that there are 20 X 100 = 2600
different ways that a chair can be labeled.
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The Product Rule - Example

& PUNJAB - s

ABC 17
GoGo0o

Question: In Pokistan, the registration of a car tags the car with

3 cap?tal English letters followed by 4 Jigi'ts. How many poss]ble_ car
‘to\g,s are there to re_gister a car?

o
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The Product Rule - Example,

& PUNJAB = msc

ABC 17
GoGo0o

Question: In Pakistan, the registration of a car tags the car with
3 cap?‘tal Enghsh letters 'Po“owed l:t/ o dig]‘ts. How many possible_ car
‘toﬁs are there to register a car?

Answer: There are 26 choices For each of the three capital Enghsl«\ letters
and ten choices for each of the three Jigi'ts. Hence, l-x/ the product rule
there are o total of

26 x 26 x 26 x 10 x 10 x 10 x 10 = 175, 760, 000 possibla]u

car ‘tags.
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The Product Rule - Exomple_

Question: How many one — to — one -
functions are there from o set
with m elements to one with n

elements?
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The Product Rule - Exomple_

Question: How many One — to — one
functions are there from a set

with m elements to one with n -
elements?
Answer: First note that when -

m > n there are no one — to — one
functions From o set with m
elements to o set with n
elements.
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The Product Rule - Exomple_

Question: How many one —to — one functions are there from a set with
m elements to one with n elements?

Answer:

Now let m < n. Suppose the elements in the domain are a1, a9, ..., am.

There are n ways to choose the value of the Runction ot ai.

Because the function is one — to — one, the value of the Punction ot

az con be picked n n—1 ways (because the value used For a; cannot

be used ago&n). In 36]\@_{‘0\!, the value of the function at ar can be

chosen in n—k + 1 ways. Bt/ the product mle, there are

n(n —1)(n —2)*(n —m+1) one —to — one Punctions from a set with m

elements to one with n elements.

For e)(ample, there are 5 X 4 x 3 =60 one — to — one functions From o

set with three elements to o set with five elements. T
I|U
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Product Rule

Try to solve this one.

In how MaNY Ways you can color 4 houses using 3 colors - re_d, blue_,

5,re_e,n?
| Red _| @ @

Mudassir
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Product Rule

Try to solve this one.

In how MANY WAYS You can color 4 houses us]ng 3 colors - re,d, blue,,

3ree_m?

Remember product rule.
3x3x3x3=3*

Mudassir Discrete Structures




The Sum Rule

The sum rule is applie_cl when there are mult?Ple choices but onll/ one
selection is made.

If o task can be done either in one of n ways OR in one ofm wows,
where none of the set of n wows is the same as any of the set of m
ways, then there are 7+ m ways to do the task.

Sum Rule sawys,

|AU B| = |A| + |B| whenever ANB =)

o
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The Sum Rule - Example

Question: 4 student can choose a computer project From one of
three lists. The three lists contain 23, 15, and 19 possible, projects,

respec‘tive,lt/. No project is on more Than one list. How mony poss?ble
projects are there to choose from?

ifu
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e
The Sum Rule - Example

Question: 4 student con choose a computer project From one of
three lists. The three lists contain 23, 15, and 19 possible Proje,c‘ts,
re_spe_c'tivelc/. No Pro:\e_c‘t is on wore than one list. How many Poss?l—;le_
projects are there to choose From?

Answer: The student can choose a pro:\e_c‘t bt/ se_le_c‘tRns, N Pm:)e_c't
from the First list, the second list, or the third list. Because no
project is on more than one list, by the sum rule there are

23+ 15+ 19 = 5H7 ways to choose a project.

ifu
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The Sum Rule - Example

Question: Suppose that either a member of the mathematics Paculty
or a student who is & mathematics major is chosen as a
representative to a university committee. How many different choices
are there For this representative i there are 37 members of the
mathematics Pacul‘tt/ ond 83 mathematics majors and no one is both
a Pacul‘ty member and o student?

ifu

Mudassir Discrete Structures



e
The Sum Rule - Example

Question: Suppose That either a member of the mathematics Paculty
or a student who is & mathematics major is chosen as a
representative to a uni\/e_r‘si‘ty committee. How many different choices
are there for this representative WP there are 37 members of the
mathematics 'Pacul‘tt/ and 83 mathematics majors and no one is both
a Pa«:ul‘ty member and o student?

Answer: There are 37 ways to choose a member of the mathematics
Paculty and there are 83 ways to choose a student who is a
mathematics major. Cl«\oos?na o member of the mathematics Pacul‘ty S
never the same as choosing a student who is a mathematics major
because no one both a Pacul'ty member and o student. Bt/ the sum
rule it Pollows that there are 37 + 83 = 120 possible ways to pick
this representative. ITU
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An In’te,f‘e,S‘t?ng Coun‘ting Problem

I AM PLANNING ASSESSMENT METHODS FOR. THE NEXT SEMESTER. AND
I HAVE AN INTERESTING COUNTING PROBLEM FOR YOU!

ifu
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An In‘te_re_s‘t?ng Coun‘t?ng Problem

T lke quizzes wmore than homeworks but there is a trade off. Quiz is
easy to manage and it is fair. Homeworks, on the other hand, Prov}de_

better opportunity to learn through discussion.

ifu
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An In‘te_re_s‘t?ng Coun‘t?ng Problem

En‘tef‘, quizzes n Pair&/ Avoids plagio«‘?Sm and fosters discussion.

o
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An In’te_f‘e,s‘ting Coun‘ting Problem

Enter, quizzes in pairs! Avoids Plagiaﬁsm and fosters discussion.

However, I still observe sowe
pisat/-bo\cking.
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An In‘te_re_s‘t?ng Coun‘t?ng Problem

So, na‘turallt/, I odd the condition that you can not Par’tne,r with a
person twice, i.e. in every quiz you have To pick a new partner.

Problem

tn a class of n (assume n is even) students, if every student Ls asked to pau',r wp
with new partner for every quiz, how many quizzes are possible?

o
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Pr?nc?ple_ of Inclusion-Exclusion (PIE)

Pﬁv\dple of inclus?on-exclusion, also known as the subtraction rule, S
defined as

Subtraction Rule:
If o task can be done either in 1y ways or in 1y ways, then the number

of wowys to do the task is n1 + 1o minus the number of ways to do the
task that are common to the two different wows.

(141U Ao = [ 41] + 45| = |41 0 49| )
Recall this from sets!

o
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"""« L
PIE - Exomple_

Question: How many bit strings of leng‘th 8 are there that either
starts with 1 or ends with 00?7

ifu
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PIE - Exomple_

Question: How mony bit s‘tﬁngs of le,ng'tl« 8 are there that either
starts with 1 or ends with 00?7

Answer:
o Bit stings starts with 1i 1sssx 556 = 27 = 128
e Bit stings ends with 00: * % %% %00 =26=64
o Bit stings starts with 1 or ends with 00 =128 + 64 = 192 777

o
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"""« L
PIE - Exomple_

Question: How many bit strings of leng‘th 8 are there that either
starts with 1 or ends with 007
Answer:

o Bit stings starts with 1i 1506 =27 = 128

e Bit stings ends with 00: xsx*x%x00=2%=064

o Bit stings starts with 1 or ends with 00 =128 + 64 = 192 77?7
We are ove_r-coun‘tMg
Bit stings starts with 1 and ends with 00: 1% %% % % 00 = 2° = 32

counted twice
Bit S‘t?mjs starts with 1 or ends with 00 = 128 + 64 — 32 = 160

o
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PIE - Exomple_

There are 40 students in the class.

o Babar 4zam fans - 18

@ Shaheen Afridh fans - 16

@ Muhammad Rizwan fans - 12
o Babar Shaheen fans - 7

@ Babar Rizwan fans - 5

@ Shaheen Rizwan fans - 3

o BSRPans -2
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PIE - Exomple_

Questions:
@ How wmany students are fans of any cricketer?
Q How many students are not fans of any cricketer?

iu
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e
PIE - Exomple_

Questions:

Q How many students are fans of any cricketer?
1I8+16+12—-7—-5—-3+2=233

Q How many students are not Fans of any cricketer?
40-33=17

o
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PIE - Exomple_

Each user on a computer system has password, which is six
characters long, where each character is an upper-case letter or o
dig}'t. Each password must contain ot least one J?g?‘t. How mony
passwords are there?

ifu
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e
PIE - Exomple_

Each user on a computer system has password, which is six
characters long, where each character is an upper-case letter or o

digi't. Each password must contain at least one d}::,?‘t. How many
passwords are there?

Answer:
Total possible passwords : 36 x 36 x 36 x 36 x 36 x 36

ifu
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e
PIE - Exomple_

Each user on a computer system has password, which is six
characters lons,, where each character is an upper-case letter or a
dig}‘t. Eoach password must contain at least one cXig?‘t. How mony
passwords are there?

Answer:

Total possible passwords : 36 x 36 x 36 x 36 x 36 x 36 = 365
I“e_goJ passwords: Onlc/ have characters... Not digi‘ts :

26 x 26 x 26 X 26 x 26 x 26 = 26°

Total legal passwom(s : Total passwords - I“e::,al passwords
365 — 266

ifu
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"""« L
PIE - Exomple_

How wmawny positive }n‘tegers, not Bigﬁer than 20, are divisible l—,t/ 2 or 37

ifu
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"""« L
PIE - Exomple_

How wmawny positive in’tegers, not Bigger than 20, are divisible bt/ 2 or 37

Answer:

Numbers divisible by 2 =20/2 =10

Numbers divisible by 3 =[20/3] =6

Numbers divisible by both 2 and 3 =20/(2x3)] =3

Numbers divisible by 2 or 3=10+6-3=13

o
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PIE - Class Ac‘tiv?‘ty

How mawny positive }n‘tegers up to 1000 are divisible bt/ 7 or 117
How many Pos}‘tive_ in‘te_s,e_r‘s up to 1000 are not J}visible_ l:at/ 7 or 117

ifu
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e
PIE - Class Ac‘tiv?‘ty

How many Pos}'t?ve_ M‘te_ge_rs up to 1000 are d?vis?ue bt/ 7 or 117
How many positive integers up to 1000 are not divisible bv./ 7 or 117

Answer:

Numbers divisible by 7= [1000/7] = 142

Numbers divisible by 3 = [1000/11] = 90

Numbers divisible by both 7 and 11 =[1000/(7 x 11)| = 12

Numbers divisible by 7 or 11 =142+ 90 — 12 = 220
Numbers not divisible by 7 or 11 = 1000 — 220 = 780

o
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PIE - Class Ac‘t?v?‘ty

In o survey on the co“e,ge_ students, the Po“ow?ng data
was obtained:

o 78 lke Vanilla Ice-cream
@ 32 like Chocolate Ice-cream

57 ke Mango ILce-creom
13 like_ both Vanilla Tce-creom and Chocola’te

21 like both Chocolate and Mango Ice-cream

16 like both Mango Ice-cream and Vownilla Tee-cream

0 5 like all three flavors above

0 14 like none of these three flavors
How mony students were surve,ye_d?
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e
PIE - Class Ac‘tiv?‘ty

In o survey on the Qo“ege students, the Po“ou/ing data
was obtained:

e 78 hke_ Vawilla Ice-cream
@ 32 like Chocolate Ice-cream
o 57 lke Momgo Ice-cream

13 like both Vanilla Iece-cream and Chocolate

21 like both Chocolate and Momgo Ice-cream

16 like both Mango Ice-cream and Vonilla Tee-cream
5 like all three Rlavors above

0 14 like none of these three flavors

How mawny students were surve,ye_d?

Answer:
78+32457—13—21— 16+ 5+ 14 = Total Students 1u
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PIE - Exomple_

Each user on a computer system has a password, which is six to
eight characters long, where each character is an uppercase letter,
lower case letter or a Aig?‘t. Each Po\ssword must contain at least

one DIGIT, one UPPER CASE and one LOWER CASE letter.
How many poss?l:»le_ passwords are there?

ifu
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"""« L
PIE - Exomple_

Each user on a computer system has a password, which is six to
eight characters long, where each character is an uppercase letter,
lower case letter or a dig]‘t. Each po\ssword must contain at least
one DIGIT, one UPPER CASE and one LOWER CASE letter.

How mawny possilole_ passwords are there?

Answers
Total Passwords = Passwords of le_v\g'th 6 + Passwords of le_ng'th 7

+ Passwords of leng‘th 8

If we can find passwrds of le_ns,'th 6, we can Similo.rlt/ Fnd passwrds
of 7 and 8.

Let’s focus on Passwords of le_ng‘tlf\ 6.

ifu
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"""« L
PIE - Exomple_

Each user on a computer system has a password, which is Six
characters lov\g, where each character is an uppercase letter, lower
case letter or a cXis,i't. Each password must contain at least one

DIGIT, one UPPER CASE and one LOWER CASE letter.
How many possil-:le, Passwords are there?

Answer:
Total Passwords = Possible Passwords - I“e,goJ Passwords

Possible Passwords: 62°

I“egal Passwords: (Omlt/ upper or lower case letters) + (Only upper
case or ciigi‘ts) + (Onlt/ lower case or rﬁgk‘ts) - (Onll/ upper case
letters) - (Only lower case letters) - Only digits) =

526 4365 4- 365 — 265 — 26% — 10°

Total Passwords = 626 — 526 — 36% — 36 + 265 + 266 + 10° ITU
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