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Relations: Functions

Functions




e
Functions

Some 'tem?nolosrt/:

For a Linoml relation R from set A to B, let’s call set A domain, and
set B co-domain. Let’s also use the term Roms,e_ for the subset of B
that some element in A relates to.

Consider the relation R defined on set 4 = {1,2,3} and set B =
{a,b,c} asi
R=1{(1,a),(2,a),(3,b)}.

@ Domain (Dom(R)): {1,2,3}

o Co-domain (CoDom(R)): {a,b,c}

L Romse (Rnﬂ(R)). {a, b}

o
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Functions

A B?nom/ relation is called Punction every element in the domain is
related to exac‘tly one element of the ronge, i.e. o R from A to B
is o Punction i Va € A(FbaRb AV, c(aRb A aRc == b=c))

For A={1,2,3,4} and Z = {A,B,C}, the relation
R=1{(2,4),(3,B),(4,C)} from A to Z is a function.

The Punction is also defined as:

Let A and B be nonempty sets. A function f from A to Bis an assign-

ment or mo\fapimj of each eleme_n‘t of A to a e)(ac'tlt/ one e_le_me_n‘t of B.
We write aRb as f(a) = b. If f is a function from 4 to B, we write
f:A— B

o
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Functions - Some 'T'e_rvn?no|03t/

R f:A— B, e f(a) =0 (where a € ALb € B), then:
o A is the domain of f
@ B is the co-domain of f
0 b is the image of a under f

0 ais the pre-image of b under f
o Note: b may have more than one pre-images.
@ The range RCB

o
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Romge vs. Co-domain - Example_

Suppose that: [ is a Punction of mappEing students in this class to
the set of grades {A4,B,C,D,F}

[’s co-domain is {A,B,C, D, F}, and the range is Un — known
Suppose that the 3:‘0«135 tum out to be all 4s and Bs then,
The f’s range is {A, B} but the co-domain is still {A,B,C, D, F}

o
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Functions- One-to-One (Inje_c‘t?ve_)

The one-to-one function could be defined as:

Afunction f : A — B is one-to-one (1-1), or injective, or an injection,
PR every element of its range has onlt/ one pre-image

Onlt/ one e_le_me_n‘t of the domain is Mappe_d to any given one e_le_me_n’t of
the range.

Question: Domain and co-domain have the same car‘dinal?‘tt/. Whot
about (‘omge?

Question: Domain and ronge have the same comdinah‘ty. Whot about
co-domain?
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One-to-One Illustration

éraphical represen’ta'tions of Punctions that are (or not) one-to-one:

One-to-One  Not One-to-One Not a Punc‘tuor\

/] K
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Functions- Onto (Surje_c‘t?ve)

The onto function could be defined as:

A function f : A — B is onto, or surjective, or an surjection, Rt
range is e_qqu ‘o its co-domain

An onto function maps the set A onto (over, cove_rim;,) the entirety
of the set B, not jus‘t over a piece of it.

o
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Onto Illustration

67raphical representations of functions that are (or not) onto:
:>¢:

Onto Not Onto Both 1-1
Wot 1-1) Cor 1-1) (Onto and 1-1)  but not Onto

/LA
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Functions - B?:\e_c‘tiva

The l:ﬁe_c‘t?ve_ Punction could be defined as:

A function f : A — Bis bijective or bijection or invertible or reversible
PR it is one-to-one and onto ot the same time

we have alr‘e_aciy seen the Po“ow}ng e)cample before:

« —*

Both 1-1 and onto
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CompoS?‘E?on of the Punction

Functions of functions

The composi‘tion of the Punction could be defined as:

Let g be a function from the set A to the set B and let f be o fune-
tion from the set B to the set C. The composition of the functions f
and g, dencted for all a € A l:u/ fog, is defined by

(fog)(a) = f(g(a))
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Floor and Cejling Functions

Floor Function:

floor(z) = |z] is the largest nteger <z

Cejhng Function:

ceiling(z) = [2] is the smallest integer > =

o |37]=3, [3.7]=4
o |-23]=-3, [-23]=-2

iu
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Question

Let [:Z— N be defined by f(z) = 2%, Is [ njective?

o
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Question

Let f:Z =N be defined by f(z) = 2%, Is [ njective?

No. For example_, f(2) = f(=2). So the mapping [ : Z — N is not unique
for f. Therefore, [ is not injective.

o
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Question

There are 45000 pe_ople_ waiting in line for 35000 seats for a football

match. Let f be the function that maps Pe_ople, to seats available
at the match. Is f surjective?

o
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Question

There are 45000 pe_ople_ waiting in line for 35000 seats for a football

match. Let f be the function that maps pe_ople to seats available
at the match. Is f surjective?

Yes. Since there are wmore pe_ople_ than seats (45000 > 35000), we know
that all seats will be filled. Therefore [ is surjective.

o
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Question

f:Z =N defined by f(z)= 2?. Is f surjective?

o
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Question

f:7Z — N defined laz/ flx)=2% Is f surjective?

No. fis not surjective. There is no mapping for element 3 in N from f
since 3 is not & square.

o
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How to Show a Function is Injective?

To prove f:A— Bis injective

Ke,y Point:
o Let €A and f(z) is an image of .
o Llet y€ A and f(y) is an image of y.
For injectivity of f, all we need to show is: IF f(x) = f(y), then = =y.

o
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How to Show a Function is Inje_c‘t?va?

Let X be the set of non-zero real numbers.
Show that: f:X — X is injective, where f(z) = 1.

Let z,y € X.
Then, f(z) = ; and f(y) = 5.
We need to show that f(z) = f(y) imphe_s T =7.)

fl@) = f(y) implie_s tThat %

£ which further mplies that z =y.

Hence, f is injective. Q.E.D.

iu
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Coun‘ting Functions

Whot is the total number of functions from a set A, |A| = a, to a
set B,|B| =07

ifu
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e
Coun‘ting Functions

What is the total number of functions From o set A, |A| =g, to o
set B,|B| =107

The answer is b%. Think of an e,xample_, like,, A = {1,2}, then 1 can be
mappeci to b ‘th}ngs in B and so can 2. We have b indepey\dey\‘t choices
for both so it is b x b = b2,

ifu
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Coun‘tins, Functions

What is the total number of one-to-one or injective functions from o
set A,|A| =a, to a set B,|B‘ —b?

o
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e
Coun‘tins, Functions

What is the total number of one-to-one or injective functions from o
set A, |A| =a, to a set B,|B|=0?

The answer is B=ar ) This time Rirst member of A has b choices but

the second member has one less choice, and third member has two less
Qv\d SO on.

o
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Coun‘tins, Functions

What is the total number of onto or surjective functions from a set
A |Al =q, to & set B,|B|=b?

o
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Coun‘ting Functions

What is the total number of onto or surjective functions from a set
A, |Al =a, to a set B,|B| =b?

That is o bit tricky, and we need a Pew new iv\gre_dte_n‘ts/‘tools.

ifu
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__________________________________________________________
Tool 11 |A| = |U| - |A]
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Tool 2: PIE or Pr?nc?ple_ of Inclusion-Exclusion
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Tool 2: PIE or Pr?nc?ple_ of Inclusion-Exclusion

Inclusion-Exclusion for sets:
The number of elements in the union of two sets is the sum of the

number of elements in these sets minus the number of elements in
their intersection.

[SUT| =S|+ |T|—|SNT|
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Tool 2: PIE or Pr?nc?ple_ of Inclusion-Exclusion

Consider three sets 51,952,535 , For counting the total elements in the

union of three sets |, we will need to know the number of items n set
S1, the number of items in set 93, the number of items in set 53 and
then we need to know the number of items common in all the three
sets 51, Sy and Ss. (ove_rlo.pping of all the three sets).

‘S] USQU53| = |S]‘+|Sg‘+‘53|—‘51ﬁ52‘—‘SQQSB‘—|53QS1|+|S1052053‘

o
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Tool 2: PIE or Pr?nc?ple_ of Inclusion-Exclusion

n{AUBUC)

n(uU)




Tool 2: PIE or Pr‘?nc?ple of Inclusion-Exclusion

Consider a group of students out of which 15 studt/ Potions, 11 studt/
DADA and 13 s‘tudt/ Charms. The number of students who s‘tudt/ all
three are 4. The number of students who s‘tudt/ both Potions and
DADA are 6, The number of students who s‘tudy both Charms and
Potions are € and The number of students who s‘tudt/ both Charms
and DADA are F. What is the size of the group?

Consider‘ing the above scenario we need to find out how many
students s‘tudy either (Potions or DADA or Charms) or all.

o
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Tool 2: PIE or Pr?nc?ple_ of Inclusion-Exclusion

Lets us use P for Potions and C for DADA and E for Charms, we
3&13 the 'Po“owing Pormula:

|[PUCUE|=|P|+|C|+|E|-|PNC|—|CNE|—|ENP|+|PNCNE|
IPUCUE|=15+11+13—-6—-7—-8+4
|[PUCUE| =22
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Tool 3: Combination

So,

Combination:

The number of r — combination of a set with n ele,me,n‘ts, where nis &
mon-ne_god’,?ve, ]n‘te_ge,r ond T is an in‘te_ge_r with 0 <r <mn, e_qqus

(%) = 7oty

iu
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Tool 3: Combination

So,

Combination:

The number of 7 — combination of o set with n e_le_me_n’ts, where 1 is a
non-negat?ve in‘teger ond T is an in‘te_ge,r with 0 <r <mn, e_quals

(") = 7ty

P(n,r) = (}).P(r,7)

P(r,r) rl/(r=r)t 7 ri(n—r)!

(Z) _ P(n,r) n!/(n—r)! _ n!
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Coun‘ting Functions

What is the total number of onto or surjective functions from o set
A |Al =q, to & set B,|B| =07
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