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Chmbing oan Infinite Ladder

Suppose that we have an infinite ladde_r,
we want to know whether we can reach
every step on this ladder. We know two
’tl«\ings H

a) We can reach the first step of the laclder.
b) If we can reach o pom‘ticular step of the
ladder; then we can reach the next step.
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e
Chmbing oan Infinite Ladder

Suppose that we have an infinite laclcler,
we want to know whether we can reach
every step on this ladder. We know two
'things :

a) We can reach the first step of the loacleler.
b) If we can reach a pow‘ticulom step of the
ladder; then we can reach the next step.

Induction says that these two pieces of inPormation enough to reach
The required conclusion!
1Ju
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Chmbinﬂ on Infinite Loadder

Here is how it works (inPorma“y!)

From (&) we can reach the First step. Then l:y applt/?v\fj (b) we can reach
the second ste,p. Applt/]ng (3) again, the third s‘tep. And so on. We can

applt/ %) any number of times to reach any par‘t?cular‘ s‘tep, no matter
how Nsh up.

APter 100 uses of (b), we know that we can reach the 101st step.
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Pr‘?nciple_ of Mathematical Induction

To prove that PW) is true for all pos?’bive_ in'te_gers n we comple‘te
these steps:

[Basis Step: Show that PU) is true. ]

Inductive hypotheis: We asume that statement is true for some posi-
tive Rn'te_ge_r k

Inductive S‘tep(proop): Based on the oxSSumP‘t}on, we prove that the
statement must be true for k + 1

To c0mple‘te the inductive step, assuming the inductive hypothesis
that PU) holds for an arbi’trary In‘tege_r k, show that Pk + 1) must

be true.
1u
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e
Proof By Induction: Example_ 0

Example_: Prove the Po“ou/ing using induction.

“Thesum 1 + 2 + ... +nis equivalent to w.”

We need to prove Vn > 1,P(n) = Z:':l i = %

o
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e
Proof By Induction: Example_ 0

Example,: Prove the 'Po“ou/?ng using induction.

“Thesum 1 + 2 + ... + nis equiValen't to w.”
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e
Proof By Induction: Example 0

Example,: Prove the Po“ow?ng using induction.
“Thesum 1 + 2 + ... + nis equiValen't to w.”

Base Case: Does our statement hold for the first value of n, which
s n=17

o
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Proof By Induction: Example 0

Example_; Prove the Po“owing using induction.
“The sum 1+ 2 + ... +nis equivalent to @."

Base Case: Does our statement hold for the first value of 7, which
is n=17 .

12
Pl)y=1= 12 -

o
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e
Proof loy Induction: Example 0

Example_: Prove the Po“ou/?r\g using induction.
“The sum 1+ 2 + ... + nis equivalent to n(ntl) o

2

Base Case: Does our statement hold for the Rirst value of 7, which
s n=17

Pl)y=1=12 =1

Inductive Hypothesis: We assume that the statement is true for
some k. So, we assume the ?o“owing is true.

o
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Proof loy Induction: Example 0

Example_: Prove the po“ou/ing using induction.
n(n+1l) o

“The sum1 + 2 + ... + nis equIVOJe_n‘t To —

Base Case: Does our statement hold for the first value of 7, which
is n=17

1(2
P(1)=1= —

Inductive Hypothesis: We assume that the statement is true for
some k. So, we assume the 'Po“owing is true.

E . k(k+l
Plk) = Sl i= *52

i=1" "

o
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Prove By Induction: Example, 0

Exo\mple_: Prove the Po“owing using induction.
“The sum 1+ 2 + ... + nis equivalent to %."

Inductive SteplCont.):
Now, using this assumption, i.e., P(k) = Zlei = @, we need to

prove that the statement is also true for K+ 1.
Show that i P(k+1) = EHE2)

Plk+1)=142...+k—14+k+(k+1)=Pk) + (k+1) = EBEL 4
(k+1)

_ k(k+1)+2(k+1)
= 2

= (E1(+2) QE.D.

o
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Proof By Induction: Example 1

Example_: Prove the Po“ou/ing using induction:

th

“The sum of entries at N rowis §
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Proof By Induction: Example_

[ Exaw\ple 2: Prove that forn > 4, 2™ > 3n. ]

ifu
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Proof By Induction: Example

[ Example, 2: Prove that forn > 4, 2™ > 3n. ]

Base Case:

n =4 We see if the theorem statement is true or not for the base
case)

2n =24 =16 > 12 = 3(4)
Thus, for n =4,

2™ > 3n s true.
Inductive Step:
We assume That the theorem is true some £k > 4, that is,
2k > 3k

o
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Proof By Induc‘t?on...Example_&((lon‘h.)

Inductive S‘tep(Con‘t.):
Next we need to show that the theorem is true for k 4+ 1. More
Pre,ciscly, we need to show that

If 28 > 3k, then 281 > 3(k + 1)

So, lets try to prove the above,
2(k+1) — 92 % 2k
> 2 x 3k =3k + 3k
>3k+3 ( because k > 4)
=3(k+1).
Hence, we showed that 2(k+1) > 3(k+1), which proves the desired
result.

o

Mudassir Discrete Structures



e
Proof By Induction: Example

Example_ 3: Prove that for any positive in‘tegef‘ n

Z 1 n
i=1 4(i+1) — n+1

iu
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Proof By Induction: Example

Exownple, 3: Prove that for any positive in‘te_ger‘ n

n 1 . n
27‘,:1 iG+1)  n+l

Base Case:

n=1 We see if the theorem statement is true or not for the base
case)

1
L.H.S = Zi:l ﬁ =

— n __ 1
R.H.S-— m—§

N

Hence, the statement is true for n = 1.

o
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Proof ,oy Induction..(Cont.)

Example_ 2: Prove that for omt/ positive m‘te_ge,r n

1 _n_
Zz 1 1(L+1) _ 71+1

Inductive Hypothesis:
We assume that the theorem is true for n = k, that is,

k 1 k
> il WD = T
Inductive Proof:

Next we need to show that the theorem is true for n =k + 1.
More precisely, we need to show that:

k 1 k. k+1 1 _ (k41
If > Gt — Rt 'S true, then 30,7 G Ek+2;

I
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e
Proof By Induction..(Cont.)

Inductive Proof (Cont.):

k —r . k1 (k41
| IF Y o = g 'S true then 3000 ik = g

E+1 1 _ k 1 1
Zi:l i(i+1) _Zizl i(it+1) + (k+1)(k+2)

_ K 1
= 0+n T 0D
_ k(k+2)+1

= D) (h+2)

k% 42k+1

= Gr) (ki)

_ _ (k+1)?

= D (2)

 (k41)

= (o)

Mudassir Discrete Structures



"""« L
S‘tf‘ong Induc‘t?on-Example_

Prove “P(n) = n con be written as the produc't of prime numbers, where
nis an in’te_ge,r‘ >2."

Product of k numbers for k > 2 is well-defined; For k = 1, it is defined as just that one number.

ifu
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Weok Induction

[ Prove P(n) forn > 1 ]

Base Case: Show P(1) is true

Inductive Hypothesis:
o) Pick some k
b) Assume P(i) holds For i = k, i.e., P(k) is true for i = k.

Inductive Step: Show that P(k) — P(k+ 1)

o
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e
S’trong Induction

[ Prove P(n) forn > 1 ]

Base Case: Show P(1) is true

Inductive Hypothesis:
) Pick some k
b) Assume P(i) holds For all i < k. i.e., P(i)is true Vi < k

Inductive Step: Show that P(k) — P(k+ 1)

o
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S’trong and Weak Induction

Difference between Strong and Weak Induction

The only difference is in inductive W./Po‘the_sIs step.

In weok induc‘tion, we onlt/ assume that Pox‘ticular statement holds
ot kh step, while in strong induction, we assume that the paﬁticular
statement holds at all the steps from the base case to k' step.

o
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S’tf‘ong Induc‘t?on-Example_

Prove “P(n) = n can be written as the Produc‘t of prime numbers, where
nis an in’te_ge,r > 2"

o
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S‘tr‘ong Induct?on-ExamPle

Prove “P(n) = n can be written as the product of prime numbers, where
nis an integer > 2.

Base Case: =2

2is o prime, so it is a produc‘t of a s?ngle, prime. P(2) holdls.
(StrongdInductive Hypothesis:

Assume that for all ntegers less than or equal to k, the statement
holds, that is P(i) holds for all 2 <i < .

Inductive S‘tep: Show that P(k) — P(k+1)

o
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S’trong Induc‘t?on-Example

(Strong)rmduc‘tive Step:
Show that P(k + 1) is True. More precisely,
P(i) is true Por all 2 <i < k) — P(k +1)

Case (o) Suppose k+1 is primeg, then P(k+1) is true.
Case b): Suppose k+1is not & prime, then

E+1=axb
Clearly, both 2 <a , b<k

(Wote that a and b migh’t not necessar?lt/ be k.)

o
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S’trong Induc‘t?on-Example

Q By the (s’tr‘ong) inductive hypothesis, we know that both a and b
con be written as the product of primes.

Q Conse_que_n'tlc/, k+1 can be written as the pr‘oduc’t of primes.
© Thus, P(k+1) is true, and the statement is true.

Observe that weak inductive hypothesis would not have worked here.

o
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S’trong Induc‘t?on-Example

Example_
Prove that every amount of postage of 12 cents or more can be
formed using just 4-cent and 5-cent stamps.

In other words, P(n) = Postage of n cents can be formed using
Y-cent and 5-cent stamps. Prove that P(n) is true for all n>12.

o
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S‘tr‘ong Induct?on-ExamPle

Base case
n=12n=13, n=14,n=15

12=4+4+4;13=4+4+5
14=44+5+5;15=5+5+5

Strong Inductive Hypothesis
Assume P(i) is true Porall 12 < i < k.

Inductive S’tep

Show that P(k + 1) is true.

We can Form the postage of (k + 1) cents,

using the stamps that form postage For (k—3) cents by adding o 4-
cent stamp. GED.

o
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S’trong Induction —Example,

Looking back, do you see why we hoadl to prove the base case for
four numbers?

o
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S’trong Induction —Examp[e,

L.ook?ng back, do you see why we had to prove the base case for
four numbers?

This was necessary because we make the assumption Gn the Proop n
the inductive step) that the statement is true for &k - 3). If we
hadl onlt/ proven that P(12) is true, the base case would not be
sufficient to Suppor't the claim we make in the induction s‘tep.

o
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Total Order and Well-Order

Re_ca“, that a Par't?al order is replexive_, transitive, and
anti-symme'tr?c.

Atotal order is o par’tial order where every pair of elements are com-
po«*al:le_.

And,

A well-order is o total order for which every nonewpty subset has a
least element.

o
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EE———————
Well Ordering Principle (WOP)

WOP says that N is well-ordered. In other words,

Evem/ nonemp‘ty subset of nonv\ego:t}ve in‘tegers has o smallest ele-
ment.

@ Obvious and s‘tr‘o\?gh't—{:orwo\f‘d...

@ How can such an “innocent'' fact be of any use???

We_“, b you believe induction is o powe_r'Pul technique, then you also be-
lieve that WOP is quite powe_rpul. ww,? The pr}nciple of mathematical
induction is lo«jico\“y equivalen‘t to the u/e,“-ordeﬁng pr}nciple.

iu
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EE———————
Well Ordering Principle (WOP)

Frst, lets see an example of how well or*de,r‘inﬂ Pr‘inciple_ can be used
for proving theorems.

Example_ Prove that any owmount of pos‘toﬁe worth ¥ cents or more
can be made From 3-cent or 5-cent stamps.

(Basica“y N Proo‘P bt/ contradiction that uses WOP)

o Let S be the set of all in‘tege_rs for which the statement is not
true.

@ S has a swmallest element m. Why? Because of the WOP.

@ It wmeans that it is not possible_ to moke m cents worth of
stamps using onl«./ 3-cent and 5-cent stamps.

o
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Proof loy well Ord(e_r‘?ng Pr‘?nc?ple (WoP)

We will show that for any m, it is possible to write it as a sum of 3's
and 5s, which will be a contradiction.

For any j in the range, it We will show that for any w, it is
is Possible to make § cents poss?l:le to write it as & sum of

worth of stomes using 3- 3’s and 5’s, which will be o con-

and 5-cents stamps. tradiction.

o m=2_8: then m=3+5.

om=29: then m=3+3+3.

o m=10: then m =5+5.

o m>11: It means (m—3) > 8. Thus, it is Possjble, to write (m—3)
as a sum of 3’s and 5’s. Now, add one more 3 to (m —3) and we

ge‘t m, which means m can be written as o sum of 3’s and 5l$.frU
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EE———————
Well Ordering Principle (WOP)

Stepl Define the set S of coun'tere)(amples, that is
S ={i € Z* such that P(i) is false #

Step2 Assume for contradiction that S is none_mp‘tt/.

[ Step3 By the WOP, S will have a smallest element m.

Step4 Reach a contradiction somehow — oftten l:t/ showing that P(m) is

ac‘tua”y True. (This step requires work)

[ Step5 Conclude that S must be empty, that is, no coun‘terexample, exists.

o
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o
Prove that P(n) is true for all n € Z* using
wOP.

If P(n) is not true For all
nithen there are some n val-
ues For which P(n) is false.

|

Thus, if we can show P(m)
is actually true, then we
will have shown m & S.

Consequen‘tly, we will have shown
tion about S be-

Let S be the set of all such n’s.

!

ing nov\-w‘ty is incorrect..

|

Let m be that swallest ele-
went. Note m € S, sothe

assumption is That P(m) is False.

If we can show S is empty, we will
have shown P(n) is true For all n.

!

|

Then it has the small-
est element. Why? By WOP

Thus, Sis empty.

So, now the goal is
To show S is empty.

!

Assume S is non-empty.

Hence, P(n) is true for all n.

o
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______________________________________________
CONCLUSION: Induction




