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"""« L
Nested Quantifiers

o If o predicate has wore than one variable, cach variable must
be bound Bt/ o sqoar‘o:te_ quantip?er.

o A los,icoJ expression with more than one quantifier that bind

diPRerent variables in the same predzco:te_ is said to have nested
qua?\tiﬁefs.

° Example_:

JaVyP(z,y)

o
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"""« L
Nested Quantifiers

Lets see which are bound and free variables here.

Statement | Bound variable | Free variable

o
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"""« L
Nested Quantifiers

Lets see which are bound and free variables here.

Statement | Bound variable | Free variable
VadyL(z,y)

o
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"""« L
Nested Quantifiers

Lets see which are bound and free variables here.

Statement | Bound variable | Free variable
VaIyL(z,y) Both 7 and y

o
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"""« L
Nested Quantifiers

Lets see which are bound and free variables here.

Statement | Bound variable | Free variable
VaIyL(z,y) Both 7 and y

o
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"""« L
Nested Quantifiers

Lets see which are bound and free variables here.

Statement | Bound variable | Free variable
VaIyL(z,y) Both 7 and y
VaL(z,y)

o
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"""« L
Nested Quantifiers

Lets see which are bound and free variables here.

Statement | Bound variable | Free variable
VaIyL(z,y) Both 7 and y
VaL(z,y) x

o
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"""« L
Nested Quantifiers

Lets see which are bound and free variables here.

Statement | Bound variable | Free variable
VaIyL(z,y) Both 7 and y
VaL(z,y) x y

o

Mudassir Discrete Structures



"""« L
Nested Quantifiers

Lets see which are bound and free variables here.

Statement | Bound variable | Free variable
VaIyL(z,y) Both = and y

VaL(z,y) x y
VaIyL(z,y, 2)

o
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"""« L
Nested Quantifiers

Lets see which are bound and free variables here.

Statement | Bound variable | Free variable
VaIyL(z,y) Both = and y

VaL(z,y) x y
VaIyL(z,y, 2) Both 7 and y

o
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"""« L
Nested Quantifiers

Lets see which are bound and free variables here.

Statement | Bound variable | Free variable
VaIyL(z,y) Both = and y

VaL(z,y) x y
VaIyL(z,y, 2) Both 7 and y z

o
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S
Nested Quantifiers - Example_

s “For every maching, there is a
s2 supervisor That operates it."
3

Zq ° Ide_n'tiPu/ variables

@ Generate Predicates
o Statement with nested quantifiers

iu
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S
Nested Quantifiers - Example_

s! "For every machine, there is a
E2 supervisor That operates .
s3

° Ide_r\’tipt/ variables
@ Generate Predicates

s4

o Statement with nested quantifiers

@ Moachine; m
° Supe_r“visor: s
® Q(m,s): m is operated by s.

iu
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S
Nested Quantifiers - Example_

st "For every machine, there is a
5: supervisor That operates it."
S

< ° Iden’tipt/ variables

@ Generate Predicates
o Statement with nested quantifiers

@ Moachine: m
° SUPerVISOf‘: S \V/mEISQ(m7 8)

® Q(m,s): m is operated by s.
1u
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"""« L
Nested Quantifiers - Example_

sl @ Dowmain of m is {my,ma, m3, my, ms}
s2 @ Domain of s is {s1, 82,53, 54}

s3

s4

VYm3sQ(m, s)

o
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"""« L
Nested Quantifiers - Example_

sl @ Dowmain of m is {my,ma, m3, my, ms}
s @ Domain of s is {s1, $2, 83,84}
s3
s4
VYm3sQ(m, s)

AsQ(mq, s) AIsQ(ma, s) AIsQ(mg, s) A IsQ(my, s) AIsQ(ms, s)
1u
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"""« L
Nested Quantifiers - Example_

“There is a student with A’s in all courses.”

Student: s
Course: ¢
G(s,c)i s seored A in ¢

There exists some s For which G(s,¢) is true For all c.

1sVeG (s, ¢)
o
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"""« L
Nested Quantifiers - Example_

“There is a student with 4’s in all courses.”

Domain of s: {51, 82,53}

Domain of ¢i {c1,c2,c3}

dsVeG (s, ¢)

(VeG(s1,¢)) V (VeG(s9,¢)) V (VeG(s3,¢))) Tu




e
Nested Quantifiers Precedence and Operators

Precedence | Operators
1st V (Universal Quantification)
2ndl 3 (Existential Quantification)
3rd - Wegation)
4th A (Conjunction, AVD)
5th Vv (Digjunction, OR)
6th —
Fh -

@ Precedence determines the order of er[uat}ns, nested quantifiers
and opera’tors n los,ical expressions.

@ Operators with higher precedence are evaluated before those ITU
with lower pre,ce_de_nce
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e
Nested Quantifiers and Precedence

Consider the Po“owing logical Pormula:
Va—3yp(z,y) — Yaq(z)

Evaluation Order:

Q@ The formula is equiVQlent to the Po“owing:

(Va(=Byp(x,y))) = (Vrq(z))

Discrete Structures



S
Nested Quantifiers: o Summoanry

What does the Po“owing mean?

Domain of z: {z1, 72,23}

Dowmain of y: {y1,vy2,y3}

L1 | L2 | L3 | X4

Y1
Y2
Ys
Yq
Ys

00000

iu
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S
Nested Quantifiers: o Summoanry

What does the Po“owing mean?

Domain of z: {z1, 72,23}

Dowmain of y: {y1,vy2,y3}

Q@ when VzIyP(z,y) is true. o T2 25 22

Y1
Y2
Ys
Yq
Ys

0000

iu
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S
Nested Quantifiers: o Summoanry

What does the Po“owing mean?

Domain of z: {z1, 72,23}

Dowmain of y: {y1,vy2,y3}

Q@ when VzIyP(z,y) is true.

T1 | X2 | T3 | T4
Q when VaIyP(z,y) is false. "
%] Y2
o Y3
o Ya
Ys

iu
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S
Nested Quantifiers: o Summoanry

What does the Po“owing mean?

Domain of z: {z1, 72,23}

Dowmain of y: {y1,vy2,y3}

Q@ when VzIyP(z,y) is true.

T X9 I3 T4
Q when VaIyP(x,y) is Falze. m
© when JzVyP(z,y) is true. Y2
o Y3
° b4
Ys

iu
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S
Nested Quantifiers: o Summoanry

What does the Po“owing mean?

Domain of z: {z1, 72,23}

Dowmain of y: {y1,vy2,y3}

Q@ when VzIyP(z,y) is true.
T X9 I3 Ty
Q when VaIyP(x,y) is Falze. m
© when JzVyP(z,y) is true. Y2
@ when VaVyP(z,y) is true. Y3
(s ) Ya
Ys

iu
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S
Nested Quantifiers: o Summoanry

What does the Po“owing mean?

Domain of z: {z1, 72,23}

Domain of y: {y1,vy2,y3}

Q@ when VzIyP(z,y) is true.
T X9 I3 Ty
Q when VaIyP(x,y) is Falze. m
© when JzVyP(z,y) is true. Y2
@ when VaVyP(z,y) is true. Y3
Q@ when JxIyP(x,y) is true. Ya
Ys

iu
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S
Nested Quantifiers: o Summoanry

Statement When True? When False?

VaVyP(z,y) P, y) is true for every pair x; y. There is a pair x; y for which P(x, t/) is Ralse.
VaJyP(z,y) | For every x there is a y for which P(x, 'f) is true. | There is an x such that P(x y) is Ralse For every y.
JzVyP(z,y) | There is an x for which P(x, l/) is true for every y. For every x there is a y for which P(x, l/) is false.
Jz3yP(x,y) There is o pair x; y For which POq ) is true. Pl ) is False Por every pair x; y.
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e
Predicate L.os,Ic

Now, lets try To write these statements using quantifiers.

F(z,y): x can fool y.

(The domain consists of all people, n the world).

iu
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e
Precdicate Logic

Now, lets try To write these statements using quantifiers.
F(x,y): © canfool 4.
(The domain consists of all People n the world).

° Evem/l:odl/ can ool Fred.
°
°

o
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e
Precdicate Logic

Now, lets try To write these statements using quantifiers.
F(x,y): © canfool 4.
(The domain consists of all People n the world).

° Evem/l:odl/ can ool Fred. Vo F(x, Fred)
°
°

o
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e
Precdicate Logic

Now, lets try to write these statements using quantifiers.
F(z,y): 2 canfool 4.
(The domain consists of all people in the world).

° Eve_ﬁ/laodt/ can Pool Fred. VrF(x, Fred)
° Even/t,odt/ can ool some_t;ody.

o
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e
Precdicate Logic

Now, lets try to write these statements using quantifiers.

F(x,y): v canfool 3.

(The domain consists of all people in the world).

° Eve_ﬁ/laodt/ can Pool Fred. VrF(x, Fred)
o Everybody can fool somebody. VoIyF (z,y)
°

o
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e
Precdicate Logic

Now, lets try to write these statements using quantifiers.
F(z,y): © canfool 1.
(The domain consists of all People n the worlcl).

° Evem/laody can ool Fred. Vo F(x, Fred)
° Eve,m/l;odt/ can fool SOMe_l:on. VaIyF (z,y)
° A/ohodt/ can fool e_ve_n/l;odt/.

iu
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e
Precdicate Logic

Now, lets try to write these statements using quantifiers.

F(z,y): © canfool 1.

(The domain consists of all People n the worlcl).

° Evem/laody can ool Fred. Vo F(x, Fred)
° Eve,m/l;odt/ can fool SOMe_l:on. VaIyF (z,y)
° A/ohodt/ can fool e_ve_n/laodt/. —3aVyF(x,y)

o
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e
Precdicate Logic

Now, lets try To write these statements using quantifiers.

F(z,y): x can fool y.

(The domain consists of all pe_ople_ n the world).

° Evem/body can ool Fred. Vo F(x, Fred)
° Even/bodt/ can fool $ome_l>ody. Va3yF(z,y)
° A/ol:ocXL/ can fool e_ve_n,l:odt/. —JaVyF(z,y)

@ No one can fool L\imselp/kersel?.

iu
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e
Precdicate Logic

Now, lets try To write these statements using quantifiers.

F(z,y): z canfool 1.

(The domain consists of all pe,ople, n the world).

o Everybody can fool Fred. Vo F (z, Fred)
® Everybody can fool somebody. VaIyF(z,y)
° A/o(:odv./ can ool e_ve_n/taody. —JzVyF(z,y)
@ No one can fool himself/herself. —JzF(z,x)

o
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e
Predicate L.os,Ic

Now, lets see what does these statement mean.

Jz3y((2® = y*) A (z # 3))

*for real numbers.

iu
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e
Precdicate Logic

Now, lets see what does these statement mean.

JzTy((z? = y?) A (z £ y))

*Por real numbers.

There exists two distinet real numbers whose squares are equal.

iu
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e
Precdicate Logic

Now, lets see what does these statement mean.

oIy (2 = ) A (z £ y))

*Por real numbers.
There exists two distinet real numbers whose squares are equal.

23y ((P(z) A P(y) A (2 £ y)) AV2(P(2) = (2 =2) V (2 = y))

*Por real numbers.

iu
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e
Precdicate Logic

Now, lets see what does these statement mean.

JzIy((2® = v*) A (z # 9))

*Por real numbers.
There exists two distinet re_oJ numbers whose squares are equal.

Fz3y((P(z) A P(y)) A (x #y)) AV2(P(2) = (z =x) V (z =y))

"‘Por r‘eal V\umlaef's.

There exists two distinet values thoat wmake the statement true
AND

Out of all the VQlues, the statement is true for onll/ T or y.
1u
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e
Precdicate Logic

Now, lets see what does these statement mean.

23y ((z® = y*) A (z # )

*Por real numbers.
There exists two distinet real numbers whose squares are equal.

Jxy((P(z) A P(y)) A (2 # y)) AV2(P(z) = (2 =2) V (2 = y))

*Por real numbers.

There exists two distinet values that make the statement true
AND

Out of all the values, the statement is true for onlt/ T or .

1u
There are exactlz two values that wmake the
Mudassir Discrete Structures



e
Predicate Logic and Proofs

Example_:

I eat spinach (S) orice eream CI). IR I S‘tudy logic (W) then T will
pass the exam (B). If I eat ice cream, then I will s’tudy log}c. IfI
eat spinach then I will plou/ 30“5 (&) I Railed the exom.

o
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e
Precdicate Logic and Proofs

Example:

I eat spinach (S) orice cream (I). IR I s’tudy log}c (L) then T will
pass the exam E). IR I eat ice cream, Then I will s‘tudy logic. IfI
eat spinach then I will play 30[9 (&). I Railed the exom.

Therefore, I plau/e_d Golf!

o
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e
Precdicate Logic and Proofs

Example:

I eat spinach (S) orice eream (I). If I study logic (L) then I will
pass the exam (B). If I eat ice cream, then I will studly losm. Ifr
eat spinach, then T will plo«/ 30'9 8. I Railed the exam.

Therefore, I playe,d Golf!

Our 3oa| is to Ve_t‘i‘Pl/ this argument.‘

lonce we have understood it/



e
Precdicate Logic and Proofs

Example:
Q I eat spinach (S) or ice cream (). SvI
Q Ifr s‘turly los?c (L), then I will pass the exam (B). L—FE
© If I eat ice cream, then I will s‘tuch/ loa}c Q. I—>L
Q IfI eat spinach (S), then I will Pl“‘/ 3o|P &), S—G
O I Railed the exam. -FE

o
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e
Precdicate Logic and Proofs

Example:
Q I eat spinach (S) or ice eream (D). SvI
Q Ifr studt/ log?c (L), then I will pass the exam (B). L—FE
Q IfT eot ice cream, then I will s‘tucit/ log?c . I — L
Q IfI eat spinach (S), then I will play 90“3 ). S—G
9 I failed the exam. -E
Therefore, I played Golf! G

o
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e
Precdicate Logic and Proofs

Example:
Q I eat spinach (S) or ice cream (D). SvI
Q Ifr s‘tudy losjk W), then I will pass the exam &E). L— F
Q If I eat ice cream then I will study logic (L. I—L
Q IfT et spinach (S), then I will Pl“‘/ 30“3 ). S — G
9 I failed the exam. -E
Therefore, I playe,d Golf! G

SVIONL—->E)NI —-L)NS—>GAN-E—=G T
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e
Precdicate Logic and Proofs

Example:

SVOANL—-FE)NI—=>L)NS—>G)N-E—=G

@ So, the 3oa| is to s}mplth/ statements (arquments) like these
and show i the conclusion holds or not.

@ How can we simphf-\/?

® By using rules of inference.

o Lets see some of them.

o
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Rules of Inference

Rules of inference are the basic bu}lding blocks of logic. They allow
us to derive new propositions From existing propositions, written in

wmath form.
Rule_ Premise(s) Conclu-
sion
Modus Ponens pA(p—q) q
Modus Tollens “qA(p—q) -p
Hypo‘the_‘ticoJ SL/”ogiSm =g N(g—r) p—T
Disjunctive sy“osjisum (pVq)AN—p q

Toble: Rules of Inference 1/2

o
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"""« L
Rules of inference

H Rule \ Premise(s) \ Conclusion H
Addhition D pVq
Simpliﬁco\'tion pAgq D
Conjunction (p) A (q) pAq
Resolution (pV@Q AN(pVrT) qVvr
Instantiation VzP(x) for arbitrary cP(c)
Generalization for arbitrary cP(c) Vo P(x)

Toable: Rules of Inference 2/2

o
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Rules of Inference

Stote which rule of inference is the basis of the Po“owing o\rgume_n‘t:
“It is below Pre_e,z?v\g ond raining now. Therefore, it is below Pre_e_z?ng

now."’

o
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S
Rules of Inference

Stote which rule of inference is the basis of the Po“owing argument:
‘It is below Pre_e_zing ond raining now. Therefore, it is below 'Pre_e_zing
now."'

Solution:

Let:

e be the proposition "It is below Pre_e_zing now,"" and let « be the
proposition “It is raining now."'

This argument is of the Form:

PAgQ

D
This argument uses the simphﬁco:tiom rule.

iu
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e
Predicate Logic and Proofs

Exownple: Exownple_: Prove that the o»(‘gume_n‘t with premises
AV C = D,~B,AV B and with the conclusion D is valid.

What we're rea“y bein::, asked to do is Prove
(AVC - D)AN-BA(AVB)— D

is True.

o
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"""« L
Example_ of a Proof

Prove that
(AVC - D)AN-BA(AVB)— D

is true.

Statements | Reason
AV C — D) | Premise
-B Premise
AV B Premise

~H oG LW P

iu
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"""« L
Example_ of a Proof

Prove that
(AVC - D)AN-BA(AVB)— D

is true.

Statements | Reason
AV C — D) | Premise

-B Premise
AV B Premise
A

~H oG LW P

iu
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"""« L
Example_ of a Proof

Prove that
(AvC = D)AN-BA(AVB)— D

is true.

Statements | Reason
AVC — D) | Premse

-B Premise
AV B Premise
A 2, 3, Dijunctive Syll.

H o Ul R W |

iu
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"""« L
Example_ of a Proof

Prove that
(AvC = D)AN-BA(AVB)— D

is true.

Statements | Reason
AVC — D) | Premse

1

2| B Premise

3| AVB Premise

41 A 2, 3, Dijunctive Syll.
5| AvC

6

?

iu
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"""« L
Example_ of a Proof

Prove that
(AvC = D)AN-BA(AVB)— D

is true.

Statements | Reason
AVC — D) | Premse

1

2| B Premise

3| AvB Premise

41 A 2, 3, Dijunctive Syll.
5| AvC 4, Addition

6

?

iu
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"""« L
Example_ of a Proof

Prove that
(AvC = D)AN-BA(AVB)— D

is true.

Statements | Reason
AVC — D) | Premse

1

2| B Premise

3| AvB Premise

41 A 2, 3, Dijunctive Syll.
5| AvC 4, Addition

6 | D

?

iu
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"""« L
Example_ of a Proof

Prove that
(AvC = D)AN-BA(AVB)— D

is true.

Statements | Reason
AVC — D) | Premse

1

2| B Premise

3| AVvB Premise

41 A 2, 3, Dijunctive Syll.
5| AvC 4, Addition

6 | D 1,5, Modus Ponen

?

iu
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"""« L
Example_ of a Proof

Prove that
(AvC = D)AN-BA(AVB)— D
is true.
Statements | Reason
1 AVC — D) | Premse
2| B Premise
3| AVB Premise
41 A 2, 3, Dijunctive Syll.
5| AvC 4, Addition
6 | D 1,5, Modus Ponen
? | GED

iu
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"""« L
Example_ of a Proof

Prove that
(AvC = D)AN-BA(AVB)— D
is true.
Statements | Reason
1 AVC — D) | Premse
2| B Premise
3| AVB Premise
41 A 2, 3, Dijunctive Syll.
5| AvC 4, Addition
6 | D 1,5, Modus Ponen
? | GED 1-6

iu
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e
Predicate Logic and Proofs

A Proctice Problem:

Prove that the argument with Premises : (-p A q),(r — p),(s —
t), (=r — s), and Conclusion:
S a VO\I?J o\r‘gumen‘t.

o
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e
Indirect Proofs

Our goo\l is to prove:
Premises: A —+ B

@ So far, we have seen how to use inference rules and show that
Int/po'the_se_s on L.H.S hMPll/ the conclusion on the R.H.S.

® There is an ancther interesting way - Indirect prooPs.

@ First recall two Pacts:

o
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Indirect Proofs

Our Soal is to prove:
Premises : A —+ B

@ So far, we have seen how to use inference rules and show that
hypo‘theses on L.H.S imply the conclusion on the R.H.S.

@ There is an ancther interesting way - Incirect proofs.

o Frst recall two Pacts:

1. A proposition cannot be true and false at the same time. (A A
—A) = False (o contradiction).
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Indirect Proofs

Our 3ooJ is to prove:
Premises: A — B

@ So far, we have seen how to use inference rules and show that
hypo’these_s on L.H.S ?mplt/ the conclusion on the R.H.S.

@ There is an ancther interesting way - Indirect prooPs.
@ First recall two Pacts:

1. A proposition cannot be true and false at the same time. (4 A
—A) = False (o contradiction).

2. If (A — B) then (-B — —A). Recall modus tollens. In words, i 4
is true, we know B is true. B is necessary for A. Consequen‘tly, #Bis

Palse,, A wmust be Ralse. Hence, (B — —A). rU
B |
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e
Indirect Proofs

Show that if 3n+2 is odo(, then n is odd. (nis an inte-
«3@:‘) P: 3n+2 is odd

Q nis odd

We need to show: P — Q

Lets try a direct approach First.
@ 3n+2 is odd. Premise
°

iu
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e
Indirect Proofs

Show that if 3n+2 is odo(, then n is odd. (nis an inte-
«3@:‘) P: 3n+2 is odd

Q nis odd

We need to show: P — Q

Lets try a direct approach First.

@ 3n+2 is odd. Premise
e3n+2=2k+1 Bt/ the definition of odd numbers
°

o
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e
Indirect Proofs

Show that if 3n+2 is odo(, then n is odd. (nis an inte-
«3@:‘) P: 3n+2 is odd

Q nis odd

We need to show: P — Q

Lets try a direct approach First.

@ 3n+2 is odd. Premise
e3n+2=2k+1 Bt/ the definition of odd numbers
0 7777 7777

o
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e
Indirect Proofs

Show thot if 3n+2 is odo(, then n is odd. (nis an inte-
3er*) P: 3n+2 is odd

Q: nis odd

We need to show: P — Q

Lets try a direct approach First.

@ 3n+2is odd. Premise
e 3n+2=2k+1 BL/ the definition of odd numbers
e 7777 7777

There does not seem to be a direct way to conclude from here that
nis odd. Lets try our new approach.

o
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e
Indirect Proofs: Proof by Contrapositive

P: 3n+2 is odd
Q; nis odd
We need to show: P — Q

Lets try o difPerent approach.
Q 3n+2is odd. Premise

0000000

iu
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e
Indirect Proofs: Proof by Contrapositive

P: 3n+2 is odd
Q; nis odd
We need to show: P — Q

Lets try o difPerent approach.

Q@ 3n+2 is odd. Premise

Q@ —Q (s even). Assumption

(=

Q

o

o

Qo

o 1u
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S
Indirect Proofs: Proof By Contrapositive

P: 3n+2 is odd
Q; nis odd
We need to show: P — Q
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P: 3n+2 is oddl
Q: nis odd
We need to show: P — Q

Lets ‘tm/ o different approach.

Q 3n+2is odd. Premise

Q —Q (nis even). Assumption

Q n=2k Bt/ the definition of even numbers
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P: 3n+2 is odd
Q; nis odd
We need to show: P —

Lets try o difPerent approach.

Q 3n+2is odd. Premise

Q@ Q (nis even). Assumption

Q n=2%k By the definition of even numbers
Q 3n+2=3(2k)+2 Replacing n in (3n+2)
Q@ 2(3k+1) Simplifying line 3
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Indirect Proofs: Proof By Contrapositive

P: 3n+2 is oddl
Q; nis odd
We need to show: P — Q

Lets ‘tﬂ/ o different approach.

Q 3n+2is odd. Premise

Q@ —Q (nis even). Assumption

Q n=2k Bt/ the definition of even numbers

Q 3n+2=3(2k)+2 Replacing n in (3n+2)

Q@ 23k +1) Simplifying line 3

Q 2(3k+1) is even Bt/ the definition of even numbers

Q@ P From line 5
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Statements | Reason

SvI Premise
L —F Premise
I—L Premise
S — G Premise
-F Premise
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