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PIGEONHOLE PRIINCIPLE




Coun‘ting: Using Set Proper’t?e_s

Recall: We can compare the cardinality of two sets l:y properties of
functions:

® 4 surjection From set A to set B, then |A| > |B]
@ An injection from set A to set B, then |4| < |B]
o A bijection from set A to set B, then |A| = |B|

The Bi:\ec'tion rule says that iR there is & Bi:‘e_c’tion from one set to
ancther then the two sets have the same cardinali‘ty.
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If A and B are Finite sets with [A] > |B|, then there are no injective
Punctions from A to B. This is called the pige,onhole pr?v\ciple.

IR m 'thimjs are to be put into n places k * *
ettt ) ¥
LAP A
o
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What is the smallest number of pe_ople_ in a group; so that it is quar-
anteed that at least two of them will have their Lir'thdou/ n the

same month?

SAPRI: - MAY - JUNE
I NGUST SRR
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Pige_onhole_ Principle_

What is the smallest number of pe,ople, n & group, so that it is quar-
anteed that at least two of them will have their l:ir*‘tl«\dou/ n the

same month?

JANVARY - FEBRUMRY-  MARCH
SAPRIL: - MAY - JUNE Answer: 13

IV AUGUST  sEpTERBER
"~ NOVENFEE JRGHPER

What is the s»«a“e_s't number of Pe_ople_, so that at le_as't two of
them will have same (:ir'thdm/ (month and date)? ITU
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What is the smallest number of peoele in o group, so that it is quar-

anteed that at least two of them will have their bir’thday n the
same month?

, Answer: 13
JANVARY - FEBRUARY-  MARCH
In 3eneral,

T _g- | 1- Y i £
_ﬂf’ﬁu—_ qu ,JUN_E ey > km + 1 ob:]eC'tS are d}s’tﬁ‘:u‘ted
}UW HUﬁUﬂ jEﬂ}_ﬂB&E among 1M sets, then at least one of the

- NWEHBEK m sets will contain ot least (£ + 1) objects.

What is the smallest number of pe,ople,, so that at least two of
them will have same bir’thdat/ (month and date)? frU
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Consider a 3{‘34 of (4 x 82) points such that each point is colored either red,
green, or blue. Prove that there alwal/s exists a rec‘tomg[e in the grid such
that all four of its vertices are the same colors.

o
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Consider a grid of (4 x 82) points such that each point is colored either red,
green, or blue. Prove that there alwal/s exists a rec‘tangle n the 3ﬁci such
that all four of its vertices are the same colors.
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Consider a ﬁ(‘id of (4 x 82) points such that each point is colored either red,
green, or blue. Prove that there alwau,s exists a rec'tomg[e n the 3ﬁd such
that all four of its vertices are the same colors.

2

Each row has 4 points that need to be colored using 3
QOIO(S-
IR there are at least two rows whose points are

colored the same way, we know the required re_c'tomgle_
[ L L L ]
exists. o o o o

Eoach row can be colored in one of the 34 = 81 wowys.
If we have wmore than €1 rows, two rows will alu/od/& exist
whose poin‘ts have same colors. Wht/?

° By the P}geonhole principle. Hence, the desired result ij

follows.
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Consider a grid of (4 x 82) points such that each point is colored either red,
green, or blue. Prove that there alwal/s exists a rec‘tangle n the 3ﬁci such
that all four of its vertices are the same colors.

Pige_on holes: Coloﬁng Op‘tions
P?ge_onsz Rows of the Gridl

o
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In o group of 680 students, is it true that there are alwm/s two
that have the same first and last initial?

ifu
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Ina group of 650 s‘tuden‘ts, is it true that there are o\[wm/s two
That have the same First and last intial?

Yes!
@ There are 26 x 26 = 676 poss?l:le_ combinations of initials.

@ So in the worst case, you would g0 'through 676 people_ without
Pind?ng o mateched set of ntials.

o But you will Bindd & wmatch with the 67#th person’s intials.

o
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In o group of 680 students, is it true that there are always two
that have the same first and last intial?

YES!
@ There are 26 x 26 = 676 poss?(:le combinations of ntials.

@ So in the worst case, you would go through 676 peoPle without
Pindina a matched set of ntials.

e But you will Find o mateh with the 677th person’s initials.

Pige_on holes: Letter combinations for intials
PRge_ons: Students (6 €0)

o
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The Generalized Pige_onhole_ Pﬁnciple_

Consider a RPunction whose domain has n elements and whose 'targe_‘t
has k elements, for n and k positive integers. Then there is an ele-
ment y in the target such that £ maps at least [n/k] elements in the
domain to ¥.

~$ P:/'\*
ml:
Exoa ele 4 Pz/p(

T
s
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The Generalized Pige_onhole_ Pﬁnciple_

Consider a RPunction whose domain has n elements and whose 'targe_‘t
has k elements, for n and k positive integers. Then there is an ele-
ment y in the target such that £ maps at least [n/k] elements in the
domain to ¥.

~$ P:/'\*
ml:
Exoa ele 4 Pz/p(
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The Generalized Pige_onhole_ Pﬁnciple_

Consider a RPunction whose domain has n elements and whose 'targe_‘t
has k elements, for n and k positive integers. Then there is an ele-
ment y in the target such that £ maps at least [n/k] elements in the
domain to ¥.

§ =,
Exomple,: %t
"] y\=? P'«

‘, A P
() k=3 N

° [n/k] =3 r'/
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The Generalized Pige_onhole_ Principle_

There are 121.4 wmillion pe_ople_ in the United States who eam an annual
income that is at least $10,000 and less than $1,000,000. Show

that there are 123 pe,ople, who eamn the same annual income in dol-
loJ‘S.

Answer:

(Total populo.‘tion) n = 121,400,000

(No. of Poss}lple_ incomes) k = 990,000
[n/k] =123

Therefore, there are at least 123 people (pigeons) that have the
H /
same income (box)! frU
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Afrah Finished 15 cups of coffee in o week. Show that there must be
o day when APrah drank ot least three cups.

O _ o _O_0_0_
O oo e o ala W

Mon. Tue. Wedl. Thu. Fa. Sat. Sun.

(Total coffee cups) n=15
Wo. of we_e_kdw/s) k=7
[n/k] =3




