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Relations - Partial Order

Let’s consider the Po“owing definition:

Partial Order:
A relation R on o set A is called o par‘t?al order or po«"t?al om—ieﬁng iR

itis rePlexIve, anti-symmetric, and transitive at the same time.
1. Reflexive [Va € A, (a,a) € R)

2. Anti-symmetric [(a,b) AbRa == bRa]

3. Transitive [aRb A bRc == aR(]

Exownp|e_: The 3r‘e_octef‘ than or eqUO\l to (&) relation is a Po«"t}al
ordering on the set of integers (2).
QuestionHOW?
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Relations - Partial Order

Let’s consider the \Qo“owimj definition:

Partial Order:
A relation R on a set A is called o po«“tial order or par’t?al ordering RS

itis t‘e_ple)dve_, an‘b?—symw\e_'tﬁc, and transitive at the same time.
1. Reflexive [Va € A, (a,a) € R]

2. Anti-symmetric [(a,b) AbRa == bRa]

3. Transitive [aRb A bRc = aR(]

Example: The 3re_o:te,r than or equal to () relation is a par’b?al
or‘der‘imj on the set of in’te_ger‘s ).
QuestionHOW?

@ As a>a, For every integer a. Hence > is reflexive.

0 If (a > b) and (b>a) then, a=>b. Hence > is anti-symmetric.

o If (a > b) and (b>c), then (a > c). Hence > is transitive. T
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More 'terminolosft/ on Partial Order

If a relation R is pat*tial order on set A, then the set A is called
par’ha“y ordered set, or poset and repre_se_n‘te_d bc/ (A, R). Members
of A are called elements of the Pose‘t.
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More 'te_r‘m?nolosft/ on Partial Order

Two elements of a par‘tiallt/ ordered set, x and Y are said to be com-
parable_ P < y or y <X x. Otherwise they are said to be Incomparable_.

Exo\mple,

In the poset (Z1]), are the integers 3 and 9 cow«paro&;le? Are 5 and
? compar‘cxble_?

Solution : The integers 3 and A are comparo\(:le, because 3 | 4. The
in’te_ge_r‘s 5 and 7 are incomearal—;le_, becouse 51 7 and T 15

When every two elements in the set S are comparable, the relation is
called o total orde_ﬁng and S is called a to‘ta“y ordered or L.Bne_arly
ordered set
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Minimal and Maximal Elements

An element x is o minimal element in the POSET if there is no y # x
such that y = x

An element xis a maximal element in the POSET if there is no y #* x
such that x =< Y.

Maximal and winimal elements are easy to spo’t using o Hasse
dio\gr*o\m. They are the “'top" and “bottom' elements in the diagf‘am.
There can be mul‘tiple_ maximal or minimal elements in S.

o

Mudassir Discrete Structures



Hasse D?agr‘am

A Hosse Jiagram is a 3raphica| representation of the relation of

elements of a par't?a“y ordered set (POSET) with an imphe,d upworrdk

orientation. While dra\wing a Hasse dioxgr‘o\vn Po”ow?ng Po}n‘ts must be

remembered

@ Since a Par‘tial order is reflexive, hence each vertex of 4 must
be related to itself, so the edges from o vertex to itself are
Jele‘ted n Hasse Jiaat‘am.

Q Since o po\r‘tio\l order is transitive, hence whenever alRb, biRe, we
have aRe. Delete edge_ from a to ¢ but retain the other two
edges.

Q If o vertex ‘a’ is connected to vertex ‘b’ (:L/ an e_dge, ey a 4
b, then the vertex ‘b’ appears above vertex ‘a’. Therefore, the
arrow wmay be omitted From the e_dge_s n The Hasse Jiagram. T
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Hasse D?o\gro\m

Constructing the Hasse Diagram of (1, 2, 3, 4, 6, ¥, 12, | ).

(a) Directed Groph
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Hasse D?agt‘o\m

Cons‘tr*uc‘ting the Hasse :Dio«jr‘o\m of (1, 2, 3 4, 6, % 12, | ).

1

(b) Remove self loops I]'U
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Hasse D?agt‘o\m

Cons‘tr‘ua’timj the Hasse Dio«jr‘am of (1, 2, 3 4, 6, % 12, | ).

1

() Remove ‘tr‘ans?‘tivi‘ty ond directions I]'U
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Greotest and Least Ele_me_n'ts

A moximal element € S is the 3re_octe_s‘t element of S if y 2 zla
successor) Por all y € S.

A maximal element = € S is the least element of S iRz < y (a prede-
cesson) forall y € S.

b ¢ o d ¢ o d
. /. /
¢ ¢ b ‘
. \ )
: \ c’/ .
a a ‘ P b o

Greotest eleme_n‘ts i None, None, d, d
Least elements: a, None, None, a
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Sets and Subsets

Consider the Po“ow}ns, proble_m:

Let the sets A4;,1 < i < k, be distinet subsets of {1,2,...,n}. Sup-
pose A; N A; # 0 for all i andk j. Show that £ < 271 and give an
e)(ample where equalrty holdls.
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