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e
Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.

Statements | Reason
1 (AVC = D) | Premise
2 | B Premise
3 | AVD Premise
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Prove that (AVC — D)A=-BA (AV B) — D is true.
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Prove that (AVC — D)A=-BA (AV B) — D is true.

Statements | Reason
1 | (AVC — D) | Premise
2 | B Premise
3 | AVDB Premise
4 | =D Assumption
5 [ -(AvO) 1, 4, Modus tollens
6 | "AN-C
?
'3
q
10
1
12
13
19

o

Mudassir Discrete Structures



e
Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.

Statements | Reason
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Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.
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Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.

Statements | Reason
1 (AVC = D) | Premise
b3 -B Premise
3 | AVvB Premise
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Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.
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Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.
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e
Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.
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Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.
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Bwoc: By Way of Contradiction
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Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.
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2 | =B Premise
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q4 | =D Assumption
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e
Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.
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e
Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.
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e
Bwoc: By Way of Contradiction

Prove that (AVC — D)A=-BA (AV B) — D is true.
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1 (AvVC —= D) Premise
2 | =B Premise
3 | AVB Premise
4 | =D Assumption
5 | =(Av(C) 1, 4, Modus tollens
6 -AN-=C 5, DeMorgan's Low
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e
Proofs with Quantifiers

How can we prove statements that involve
quantifiers?

Good news is that whatever we have leamed so far regarding
conditional statement proo‘Ps, remains valid here. We Just need few
additional tools to make T work vﬁcelt/.

o
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e
Proofs with Quantifiers

So, the trick lies in Pigur‘ing out when and how to

1. eliminate o quantifier
2. add a quantifier

An arbi’tromy element of o domain is an element that shares all of
the characteristics of every other e_le_me_n’t in a domain 4 par’ticular
element of a domain is an element that possesses some characteris-
tic not necessarily shared by all other elements.

2
Lets see some rules of inference involving quantifiers u
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"""« L
Rules of Inference for Quantifiers

o Existential Instantiation (Ehmino.‘tms, o quantifier)
dzP(x) then (cis a par’b]cu[ar element) AP(c).

@ Existential Generalization (Adding o quantifier)
(cis an element) AP(c) then P (z).

o Universal Instantiation (Eliminating o quantifier)
VaP(x) then (cis an element) AP(c).

@ Universal Generalization (Addin3 a quantifier)
(cis an arbitracy element) AP(c) then Yz P(z).

Ar‘Bi‘tr‘ar‘y e_le_me_n‘t means, it can be any ele_me_n‘t in the domain. So, we
can pick any element and the statement is true for that element. rU
-1
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Proofs with Quantifiers - Example_

A student, Luna, in the class knows how to cast a
Poatronus Charwm. Everyone who can cast Patronus
Joins the Order of the Phoenix. Therefore, someone
in the class is o member of the Order.

Mudassir Discrete Structures



Proofs with Quantifiers - Exomple_

A student, Luna, in the class knows how to cast a
Patronus Charm. Everyone who can cast Patronus
Joins the Order of the Phoenix. Therefore, someone
n the class is a member of the Order.

C(z) : xis nthe class.

J(x) : x knows how to cast a Patronus Charm
H(z) : xis o member of the Order of the
Phoenix

C(Luna) A J(Luna) ANVz(J(z) = H(z)) = Jx(C(z) AN H(x))
o
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"""« L
Proofs with Quantifiers - Example_

C(Luna) A J(Luna) AVz(J(z) = H(z)) — Jx(C(z) A H(x))

@ C(Luna) Premise
Q@ J(Luna) Premise
Q Vz(J(x) — H(x)) Premise
Q
(5]
o
(%}
(<

Discrete Structures



"""« L
Proofs with Quantifiers - Example_

C(Luna) A J(Luna) AVz(J(z) = H(z)) — Jx(C(z) A H(x))

@ C(Luna) Premise
Q@ J(Luna) Premise
Q Vz(J(x) — H(x)) Premise
@ J(Luna) — H(Luna) 3, Universal instantiation
o
o
o
o

o
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"""« L
Proofs with Quantifiers - Example_

C(Luna) A J(Luna) AVz(J(z) = H(z)) — Jx(C(z) A H(x))

@ C(Luna) Premise
Q@ J(Luna) Premise
Q Vz(J(x) — H(x)) Premise
@ J(Luna) — H(Luna) 3, Universal instantiation
@ H(Luna) 2,4, Modus ponens
o
o
o

o
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"""« L
Proofs with Quantifiers - Exomple_

C(Luna) A J(Luna) AVz(J(z) = H(z)) — Jx(C(z) A H(x))

@ C(Luna) Premise
Q@ J(Luna) Premise
Q Vz(J(x) — H(x)) Premise
@ J(Luna) — H(Luna) 3, Universal instantiation
@ H(Luna) 2,4, Modus ponens
Q@ C(Luna) A H(Luna) 1,5, Conjunction
o

o

o
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"""« L
Proofs with Quantifiers - Exomple_

C(Luna) A J(Luna) AVz(J(z) = H(z)) — Jx(C(z) A H(x))

@ C(Luna) Premise
Q@ J(Luna) Premise
© Vz(J(x) — H(x)) Premise
@ J(Luna) — H(Luna) 3, Universal instantiation
@ H(Luna) 2,4, Modus ponens
Q@ C(Luna) A H(Luna) 1,5, Conjunction
Q@ Jz(C(z) A H(x)) 6, Existential ge_ne_ralizo:t}on
Q@ GeD 1-7

o
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e
Proofs with Quantifiers - Practice Example

Va(P(z) = (Q(x)AS(x)))AVx(P(z)AR(x)) — Vz(R(z) A S(z))




Example_ of a wrong Proof!/

Prove the proposition : 3z P(x) A 3zQ(z) — Fz(P(z) A Q(x))

1. | 3 x PG Hypothesis

.| Ix Q) Hypo’thes}s

2 kisa Par’t?cular element) A P(o) | Existential instantiation, 1

4, e is & par’ticulo«* elemen't) A QLe) Existential instantiation, &
5. PC) Simphpica‘tion, 3

6. &) S}mpl?{:ica’tion, 5

7. | P A QL) Conjunction, 5, 6

a. | Ix PG A QL)) Existential 3eneralizat}on, ?
10.| GED 3

1
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Exowv\ple_ of a wrong Proof!/

Prove the proposition : JxP(z) A 32Q(z) — Fz(P(z) A Q(x))

1. | 3 x PG Hypothesis

.| dx &x) Hypothesis

2| is a par’ticulow element) A P | Existential instantiation, 1
4, e is & par’ticular element) A QL) | Existential instantiation, 2
5. PL) S}mpl?{:}ca’tion, 3

6. Qo) S?mphﬁco\'t?on, 5

7. | PG A QL) Conjunc‘t?on, 5 6

a. | Ix (PG A QL) Existential 3e_ne_r‘o\lizdtion, ?
10.| GED

The value of x for which P is true might be different than the val
of x for which Q is true. But, we have assumed that it’s the sam U
that is ¢ For both the cases. '
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Example_ of a wrong Proof/

Useful Tip:

Be Co«‘epul n Usimj Exis’te_n‘tial Instantiation

Tx P(x) means that there exists “some'’ value of x which for which
PG is true. We connot Just pick the value of our choice and say P
is true for that value.

o
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Example_ of a wrong Proof/

USe_Pul TIP:

Be Careful in Using Universal Generalization

If statement is true for o Par‘ticular value of variable, then it
does not mean that it is necessarilt/ true for all values of vari-
ables. In other words, be careful about stereotyping. If you're go-
ing to applt/ “Por all'’ to something, you better be sure it’s apphcable,

to “all.

o
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Introduction to General Proofs

A proof is a valid argument that establishes the truth of a
mo{thema‘t?cal statement.

Proof Terw\inologt/
@ Axiom Cor pos‘tula‘te);
A statement that is assumed to be true
@ Theorewm:
A statement that has been proven to be true
® Hypothesis or premises:

A w/po'thesis iS & guess Cor aSSump‘t?on) without assuming that it
is true

iu
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e
Introduction to General Proofs

Impor’tom‘t Considerations t«/lr\ile_ va;"? o Theorem
Proving
@ What do we know?

@ What else_ do we need to
know?

‘ Fact/give_n ‘ ‘ Fact/given |

@ How can we “combine'' known

facts to get new ’ New fact | | Known fact |
information. ’

0 Which (mathematical) tools ®
should we applt/, and when ‘*@

should we axppll/ them?
o No fixed approach/me‘thod
o Its a “creative art' and

o s @ [Te=
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e
Proof Types

e We will see various “approaches" and “techniques' to proving
theorems.

o We will try to prove statements Involving numbers and wore.
) Logic has set up the Foundation to move forward.

Proof T ypes:
o Direct proofs
@ Proofs (oy contrapositive
® Proof's by contradiction
@ Proofs Bt/ cases or Proofs Bt/ exhaustion

o
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e
Proofs: Some Definitions

Divisibility:

Symbol: m|n

Reads: m divides n

Definition: R m £ 0 and n =k x m for some in‘teger k
Exomple: 3|6

Important properties of divisibility:
o If alb and blc then alc
o If dla and alb then d|(za + yb) For any integers =,y

o
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e
Proofs: Some Definitions

Prime number: An integer n is prime iR and onll/ ®n > 1, and for every
positive integer m, ®min , thenm =1 or m = n.

Composite number:  An integer n is composite iR and onll/ ifn>1, and
there is an integer 1 <m < n such that m|n.

Pari‘ty The number is odd or even.
Sowme Pacity If two numbers are both even or both odldl.
Oppos?‘te, Po\r‘?‘tl/ If one number is odd and the other is even.

o
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e
Exhaustive Checking Proof

@ What: This technique works Bt/ check]v\g every possibih‘tt/ n the
'tes‘timj domain.

@ When to use:
o Works well # you onlt/ have to perform a swall number of tests
(e.q. 2 is an integer such that 3 <z <6).
o Does not work well with o la\f‘ge domain (e.g., All Poh‘t?cians are liars).

° DiPPicul'ty; Easy to use but it will 3e‘t cumbersome as the domain
to test qets larger Ueind of like truth tables).

Example,: Check whether 289 is prime or composi'te_?

o
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"""« L
Proof By Cases - Exhaustive pt‘oo‘PS

Sometimes we cannct prove a theorem using o s‘mgle argument that

holds for all possible_ cases. We now introduce a method that can be

used to prove a theorem, by considering different cases se,para‘te_ly.
p—q=(p1Vp2V..Vpn) —q

Some theorems can be proved b«./ examining o relod:?ve_lt/ small number
of examples. Such proofs are called exhaustive proofs, or proofs by
exhaustion because these prooPs pf‘ocee_d Bt/ @ér\o\us‘ting all
possil:il?‘ties.

o
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"""« L
Proof By Cases - Example,s

Proof by Cases: (n+1)3>3"Vn<4

n] (n+1D2] 3" [ (n+1)3>3"
0 1 1 = (True)
1 3 3 M True)
2 a? q (T rue)
3 64 27 M True)
q 125 €1 T rue)
5 216 2493 >(False)

o
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"""« L
Proof By Cases - Exowz\ples

Proof by cases: If 1 is an integer then n? >=n

ifu
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"""« L
Proof By Cases - Example,s

Proof by cases: If n is an integer then n?>=n
Proof

We have 3 cases!

I. n >0, nis positive. n
I n=0n2=00=0=n
ITI. n<0. nis ne_s,ox‘tive_. n
numl)er‘.)

2:n.n>n

2=nn>0>n (because n is a negative

o
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e
Proof By Cases — Examples Mo it Bt/ t/ouf‘selp)

There is no solution in in'te_s,efs z and y Por equation z2 +3y% =8

ifu
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Proof By Cases — Examples Mo it l:u/ yourselp)

There is no solution in integers @ and y For equation 2+ 3% =8

x |y 22+ 3y2 | Bqual to € or not
0|0 0 Less than €
0|1 3 Less than &

0] a 12 Exceeds &
110 1 Less than &

1 1 q Less than &

1 | & 13 Exceeds €

o
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e
Proofs bt/ Con’trapos?t?on

Prove: Forx € Z, i 7Tz + 9 is even, then z is odd.

PROOF l:y Contraposition:

@ T S even Q.

o x =2k Definition of even numbers.

e Tx =2xT7k

© Tr+8=2xTk+2x4 SimpliFication.

o Tx+8=2x (Tk+4) Simplification.

o Tr+8=2xFk Simplipico\'t}on.

0 Tx+9=2xFk+1 Simplification.

o 7Tx+9 is odd Definition of odd numbers.

e P

e Q.E.D. ITU
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"""« L
Proofs l:t/ Contradiction: V2 is irrational.

Suppose_ V2 be o rational number (-Q). PROOF l:l/ Contradiction:

e V2=p/g,pqEl Def. of rationals.

@ 2fpor2fq otherwise divide both by 2.
e 2=7p?/q% Square both sides.

e p?=2x4g? Simplification.

e 2|p 22 s even — I is even.

o p=2k Definition of even numbers.

° 2 =4k?/q?, p=2k.

e ¢® =2k? p = 2k.

°2|q 2?2 is even — T is even.

o Q.E.D. Contradiction.

o
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Mistokes in Proofs

There are many common errors made in cons‘tmc’tinﬁ mathematical
proofs.

Each step of a mathematical proof needs to be correct and the
conclusion needs to follow logita“y from the s‘tqos that precede it.

Mony wistokes result from the introduction of steps that do not
log]ca“y follow from those that pre_ce_de_ it.

Whot is wrong with this famous suppose_d “Proo ' That 1 = 27

o
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Mistokes in Proofs

What is wrong with this famous suppose_d "P(‘oo‘P" that 1 = 27

1. Let a and b two variables, such that: a=

. Mul‘t}ply both sides By o to get: a® = ab

3, Subtract b2 from both sides to get: a*=b? = ab—b*

4. Factors from both sides: (a+b)(a—b) = b(a—b)
5. cancel?ng (a—b) on both sides: atb=>

6. Since a=>b Cour oxSSumP’t?on): b+b=b

1. Further s:>lv:n3: gb_zlb

€. B

DIvidir\g both sides by b:
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Mistokes in Proofs

What is wrong with this famous suppose_d “Proo " that 1 = 27

1. Let a and b two variables, such that: a="»

. Mul‘t}ply both sides bz/ a to get: a® = ab

3, Subtract b2 from both sides to get: a*=b? = ab—b>

4. Factors from both sides: (a+b)(a=b) = b(a—b)
5. cancel?ng (a—b) on both sides: atb=>

6. Since a ="b Cour aSSumP’t?on): b+b=b

1. Further Solv:nf,: ;b_:lb

€. B

b;v;d:ns, both sides by b:

Mistake: Division of a—b on both sides at S‘tep 5.
Reason: a—b =0, we can not divide lat/ zero on both sides
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Example_ of a Simple_ Ele,gom’t Proof

FTna“y, lets conclude and treat ourselves l:t/ looking
ot one of the simple_s't, wmost elegan't pr‘oo{:s
(prese_n‘ted some 2000 years 0\303.

Theorem: There are inPini‘te_lt/ mony primes.

Lets prove it (Ulso observe the flavor of contradiction, cases)
1u



e
InPini‘te_ly Many Primes/

PROOF by Contradiction:

Q Assume we have the list of all primes: p1,p2, ..., 00 By -Q
@ Consider the number N =p; X po X ... X p, +1

© N is not a prime. Byt
Q Ipi,pi|N Definition of Composite Numbers.
Q gzip”@?z;%p"—"l isinZ Byq
Q = BXpeXebig Xﬁiij+1"'Xp"+1 Simpliﬁco\‘t?on.
Q@ P Xp2X...pi1 XPig1... X pnp%_ ¢ 7 S?mplipicoction.
© Contradiction. Bl/ 57
@ QE.D.

[|U

Mudassir Discrete Structures



