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Solving Recurrences

Solving Recurrences




e
Recurrences

we observe that things are highly corvelated to their immediate
past!
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Recurrences

Temperature now is very close to what it was one
minute ago!
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e
Recurrences

WORLD POPULATION GROWTH
ROM 2008 102050

world Population is very reliable function of what it was a year
ago!
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e
Recurrences

Your bank account balance Looks very much ltke what it was a

wmonth ago!

S
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e
Recurrences

Your bank account balance looks very much ltke what it was a
wmonth ago!

We coan re_lioi:lt/ estimate current state of things as a function of previous
measurements. This is called a recurrence.

T
o 5 = £ 9DHAE
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e
Recurrences

Your bank account balance looks very much like what it was a
wmonth ago!

We con re,liablt/ estimate current state of things as a function of previous
measurements. This is called a recurrence.

L.os,is'tic mop, Pac‘toﬁals, Pbonacci sequences ete.
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e
Solving Recurrences

° Momy po\mous/?mpor'tom't algor‘?‘thms use the recursion.

@ For example_, MergeSort, QuickSort, Tree searching, Strassen’s
alsorﬂ:hm ete.

o Time Co»«pl@(ﬁ?y of these alaorithms is written as a recurrence.
@ There are mul'tiple_ woays to solve a recurrence.

o We will see a couple of them today.

o
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e
Solving Recurrences

) Momy Pamous/important algor?thms use the recursion.

@ For e)tample, MergeSort, QuickSort, Tree searching, Strassen’s
algoﬁ‘thm ete.

o Time Complex\“ty of these algor?thms is written as o recurrence.
@ There are mul‘tiple ways to solve a recurrence.

o We will see a couple of them 'todou/.

But we need some prac‘t?ce on summation of series and Pinciir\g closed
forms.

o
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Summation and closed form

A closed form is an expression that involves very few operations
+, —, x,+ ete).

A closed form is an expression that can be QOvnpu'te_J By applyimj o
Pixed number of Pamiliar operations to arquments (e_.g., n(n+1) ).

De_’te_m?ning the closed form can make it easier to interpret.
The Po“ow?ng expression: 244+ ...+ 2n Gs not closed Rorm).
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"""« L
Summation and QIOSG_J form

Some helpful facts for deriving closed forms:
e > c=c(n) [Sum of Constant]
e Y . c=cn—m+1) [Sum of Constant]
@ > cap=c). ag [Sum of Constant]
o > i(ak —ax—1) =a, —ag [Collaps?ng sum]
o > (ak—1—ar) =ao—ay, [Collapsins, suml
@ > (ar +br) = (ar) + > (bk) [Sum of sums]
[} EZ:m At = EZI:,H+Z ag LSD\?‘p‘t?ng inclexd
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"""« L
Summation and QIOSG_J form

Some well-known closed forms that everyone should know:
o Y(ara*) = ot ¥(ans®)
° Z k= (n(n+1)) n+1))
n(n+1)(2n+1
ok :<< ent1)

nt+l_q

°EZ:0ak:aa—f a#l

a—(n a"tlynant?
o Y kat = ( H()a_l)j a#1
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"""« L
Summation and QIOSG_J form

Let’s toke a look ot how we migh't convert a given summation nto a
closed form:

Example

Find a closed form for the Po“owinfj:
3+7+11+...+(3+4n)

o
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"""« L
Summation and QIOSG_J form

Let’s toke a look ot how we migh't convert a given summation into a
closed form:

Example,

Find o closed form for the Po“owing:
3+74+114+...4+(3+4n)

S‘tep 1: Get o handle on the summation
=3+T7+11+...+B+4n) =), (3 +4k)

Step 2 Try to simpliPy or apply any known tricks

=3(n+1)+ > _o(4k) = 3(n+1)+ > _ (4k)

=3(n+1)+43 7 k= 3(n+ 1)+ 4(nt)

=3+43n+2n24+2n= 2n2+5n+3 1u
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Summation and Close_d forms

Try the Po“owing.

Excxmple,

Find o closed form For the Po“owing expression:
> he1 (26 +3)

ifu
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Summation and Close_d forms

Try the Po“owing.

Exo\mple,

Find o closed form for the Po“owing expression:
> pe1(2k+3)

S (2k+3) = 3n+257 k
:3n+2(W) =3n+nn+1)=n?+4n

ifu
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Summation and Close_d forms

Try the Po“ot«/?ng.

Example_

Find o closed form For the Po“owing sequence:
448+124+16+...+4n

ifu
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Summation and Close_d forms

Try the ‘Po“ow?ng.

Example_

Find o closed form for the Po“ow?ng sequence:

4i [Try to find the pattem Find the i term)]
S i Lwrite the summation expression]

=X 4 LSimplify- Findl the closed Form]

=43

=405

=2n%+2n

ifu
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Summation and Close_d forms

Try the \Qo“ow?ng.

Example_

Find o closed form for the Po“ow?ng (a bit cha“e_nging):
2+ (22 % 7) + (2% x 14) + (2% x 21) + (2" x T(n — 1))

Answer

20 x 7(i — 1) T.’l'n/ to find the pattern (Find the i term)]
=2+> 0" 120x7(i—1) LWrte the summation expression]

=247 26— 1) LSimply take constant out (Fact 2)3

=247 (24 —27) LSimplify (Fact 5
= T2L + T 20—
Zi:l 21) fTU
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e
Summation and Close_d forms

Exo\mple,

Find o closed form For the Po“owing (a bit cha“e,nging):
24 (22x7)+ (28 x 14) 4+ (24 x 21) + (2" x 7(n — 1))

=24+ 700 2% = 3, 2Y)

=24 7((2 — (n+ 1)20+ 4 n2n+2) — 0 99) [SimplIPt/ (Fact 1]
=24 7((2 = (n+1)27+! + p2n+2) — (2l — 1 — 1)) [SIMPI}PL/ (Fact 10)]
=2+7((2+ (n—1)2"*) — 27+l — 1 -1)) Lsimplify red termd
272+ (n - )27 - (27— 2)) LSimpliy blue termd
=2+ T7(4+ (n—2)2"t1) LFurther

simplification] ITU
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e
Summation and QIOSG_J forms

Exomple

Let count(n) be the number of = statements executed Bt/ the
Po“ow?ng algoﬁ'thm as o Punction of n. Find o closed form for a
Coun’t(n).

i:=1; 1 oxssignmen‘t op
1:=1+41;
for j:=1 %o i
do S X(2+3+..... +n) ops
end
end
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Summation and QIOSQJ forms

Answer:
The total count of operations, countln) is:

=1+n—-1)+2+3+4+..+n)
=14243+4+..+n+(n-1)=200 4 (1)

_ n(n+1) + 2(n=1) _ n’43n—2
2 2 - 2
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e
Summation and QIOSG_J forms

Lets try a harder one.

Example_

Let countn) be the number of i= statements executed Bt/ the

Po“owing algor?thm as a Punction of n. Find o closed form for a
countn).

i:=1; 1
while i <n (n-1)/2
1:=1+2;
for j:=11o i G goes up by 2) ops
do S 777
end
end

o
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Summation and QIOSQJ forms

Lets 'tn./ o harder one.
Let’s pick o specific n Gey n = ¥) to just try to get a handle on
what the heck is happening inside the loop.

i:=1; ! K87 J
while i < n 1 T 110 3
i=i42; 3 T 1to 5
for j:=1 %o i 5| T 1to #
JOS ? T 1t0q
end q F
end
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e
Summation and Qlose_ci forms

Lets try o harder one.
Let’s pick a Spec?Pic n (i.e,., n= %) to :‘us‘t 'tﬁ/ to ::,e_’t a lf\omdle_ on
what the heck is happeninﬁ inside the loop. Assume n = 2k.

. i n? 3 calls to s
1:=1;
while i < n 1 T 1t 3 3
i 3 T 1to 5 5
Por jim1tei 2 il ! to 7 i
end k-1 T | 1to 2k+ Ak +1
d 2k +1 F
en
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Summation and QIOSQJ forms

So the number of calls to S looks like
Calls to s:

3+5+7+ ... +(2k+1)
=0 1 (2h+1) =8 (2h) + X, (1)

=2><—k(k2+1)+k:

= k2 + 2k

We now know the total number of calls to S. But what is k2 + 2k in
terms of n ?

o
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Summation and QIOSQJ forms

So the number of calls to S looks like
Calls to s:
3+0+T7T+4 ... + (2k+1)
/5 I k
= thkl(l(fq)—i_ D=3 1(2h) + 375, (1)
+
= k> + 2k

We now know the total number of calls to S. But what is k2 + 2k in
terms of n 7

k? 42k =n/2(n/2 +2) = O(n?)

o
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Summations and Recurrence Relation

Next
What if sequence is given in the form of a recurrence relation Gnstead
of individual terms) ?

a(n) = cra(n — 1) + ¢

[How can we Bind the closed Form of the recurrence relation aln) ? ]

o
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Recurrence Relations : Substitution method

&iven o recurrence r‘e,lo:tion:

a(n) = a(n — 1) + 2n; a(0) =1
Find the closed form of a(n).
Stepl:

Work bockwards to unravel and write out some terms.
a(n) =a(ln—1)+2n
aln—1)=a(n—-2)+2(n-1)
aln —2) =a(n—3) +2(n—2)
Stepa:
Use substitutions and Plug in for the terms.
a(n) =aln—1)+2n
a(n) =a(n —2)+2(n—1)+2n
aln)=a(n—3)+2(n—2)+2(n—1)+2n

iu
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"""« L
Recurrence Relations : Substitution method

Given a recurrence relation: a(n) = a(n — 1) + 2n; a(0) = 1 Fnd
the closed form of a(n).

Step3:

Look For a pattem among the terms and visualize the terms over its
entirety.

aln)=a(n—3)+2(n—2)+2(n—1)+2n

it term = i

S‘tep‘(:
Estoblish the summation Formula and then determine the closed form

S (20) = 2(Hnt)y — 2 4y

So, the final closed form would be: n2 +n+1 = O(n?) a1 for witial tem a(O)[TU
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EE———————
Substitution method-More examples

Proctice: Analyze_ how much work o recursive algor?thm does l:y pre-
cise_ll/ calcula‘t?ng its closed form based on the Po“owing recurrence re-

lation.

r(n)=2r(n—1)+1; r(0)=1

iu
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EE———————
Substitution method-More examples

Step 1: Work backwards and write out some terms:
r(n)=2r(n—1)+1

rln—1)=2r(n—2)+1
r(n—2)=2r(n—3)+1
r(n—3)=2r(n—4)+1

Step 2: Use substitutions For the terms...
r(n)=2r(n—1)+1

=22r(n—2)+1]+1

=2%2r(n —2) +2+1

=22[2r(n — 3) + 1]+2+1
=2%r(n—3)+22+42+1

Do you see a pattem? This looks lke o 5,eome;tr:c sequence (there’s
o summation Pormula for that).
20 421 422 423 42 ITU
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Substitution method-Cont...

Step 4 Try to establish the summation Pormula and determine the
closed form.

Shgak = nﬂ_l ja#1
This leads us 'to o closed form of 271 — 1 which is O(27).

o
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"""« L
Recurrence Relations: Cancellation Method

Ancther technique that is useful for solving a recurrence relation is
The:

Cancellation method.
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"""« L
Recurrence Relations: Cancellation Method

How it works.
Q@ Start with the 3enero\l (recurrence) equation 7(n) and continue
u/ﬁ‘ting new equations whose lept side is the term anolvimj the
recurrence 7 on the right side of the previous equation.

Q Look for a pattemn that allows us to skip ahead and write the
last equation 7(0) on the right side.

Q Add up the equations and cancel the like terms to obtain an
expression for 7 (n).

o
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"""« L
Recurrence Relations: Cancellation Method

Example_ Solve the Po“ow}ng recurrence using cancellation:
a(0) =1
a(n) =a(n—1)+ 2n

Stepl:. As with substitution, we start by writing out some terms:
a(n) =a(n—1)+2n

a(n—1) = a(n — 2) 4+ 2(n—1)

a(n=2) = a(n — 3) + 2(n — 2)

a(n = (n—1)) = a(0) + 2(n — (n — 1)) sowe as a(1) = a(0) + 2

o
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"""« L
Recurrence Relations: Cancellation Method

Step 2: Next we add up the terms on both sides of the = Sign

a(n) + aln—TT + aln—2] + aln—3 + ... + ot + afey

am—T1)+2n+a(n—=2]+2(n — 1) + a(n—=3)+2(n — 2) + ... + a7+ 2 + a(0)

Step 3: Cancel the like terms to obtain the equation for a(n).
a(n) =a(0)+2(1)+...+2(n-2)+2(n—-1)+2n

o
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Recurrence Relations: Cancellation Method

Step : Determine the summation and closed form.
a(n) =a(0)+2(1)+... +2(n—2) +2(n—1) +2n
an)=142[1+..+(n—2)+(n—1)+n]

a(n) = 1+ 2[20H)]

a(n)=n?+n+1

This is an 0(n?) a\lgoﬁ'thm
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Recurrence Relations: Tree Method

Tree Method is a very intuitive method to deduce or quess the solu-
tion to a recurrence pic‘tor*ia“y.

We will s‘turit/ and see exo\mple,s of this method later once we have
defined grophs ond trees.

o
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