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Relations

Recall the Cartesian Product of two sets, A = {1,2,3,4} and
7 ={A,B,C} is,

A X Z = {(17 *4>7 (17 B)’ (17 Cj)’ (27 *4>7 (27 B)ﬂ (27 Cj)? (37 *4>7 (37 B)u (37
Cv)v (4’ A)v (4a B)a (47 (V)}

Relation:
Let A and Z be two sets. 4 l:inou‘y relotion R from A to Z is o subset
of the Cartesian Product A X Z, i.e., R CAxZ

. Exawples: |

R= {(27 ‘4)7 (37 B)a (4a C)}
R={}

R={(2,4)}

o
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-
Relations? Hang on o Sec!

@ I know Sets. ¢
@ I know Cartesian Product of Sets. ¢

o I also know subsets and their apphca‘t?ons. ¢

But what the heck is o Subset of the
Cartesian Product of a Set useful
for?
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BEV\oJ‘V Relations




BEV\oJ‘V Relations

Set of Jets M = {g;]1 <i<




BEnar‘y Relations

Set of Jets M = {g;]1 <i<
6}
Cartesian Product = MxM
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Binary Relations

Set of Jets M = {g;]1 <i<
6}
Cartesian Product = MxM

Relation: Who can see
who?
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Binary Relations

Set of Jets M = {g;]1 <i<
6}
Cartesian Product = MxM

Relation: Who can see
who?
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Binary Relations

Set of jets M = {g;]1 <i <

6}
Cartesian Product = MxM

Relation: Who can see
who?

Note: 4 can see B does
NOT mean B can also see

Al .
o
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Binary Relations

Set of jets M = {q|1 <i <

6}
Cartesion Product = MxM

Relation: Who can see
who?

Note: 4 can see B does
NOT mean B can also see

Al .
o
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Binary Relations

Set of jets M = {g;]1 <i <

6}
Cartesion Product = MxM

Relation: Who can see
who?

Note: 4 can see B does
NOT mean B can also see

Al .
o
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Binary Relations

Set of jets M = {q|1 <i <

6}
Cartesion Product = MxM

Relation: Who can see
who?

Note: 4 can see B does
NOT mean B can also see

Al .
o
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Binary Relations

Set of jets M = {g;]1 <i <

6}
Cartesion Product = MxM

Relation: Who can see
who?

Note: 4 can see B does
NOT mean B can also see

Al .
o
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Binary Relations

Set of jets M = {q|1 <i <

6}
Cartesion Product = MxM

Relation: Who can see
who?

Note: 4 can see B does
NOT mean B can also see

Al .
o
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Binary Relations

Set of jets M = {g;]1 <i <

6}
Cartesion Product = MxM

Relation: Who can see
who?

Note: 4 can see B does
NOT mean B can also see

Al .
o
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Binary Relations

Set of jets M = {q|1 <i <

6}
Cartesion Product = MxM

Relation: Who can see
who?

Note: A con see B does
(ay,as), NOT mean B can also see

Al .
o
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Binary Relations

Set of jets M = {g;]1 <i <

6}
Cartesian Product = MxM

Relation: Who can see
who?

Note: 4 can see B does
a, CL5>, NOT mean B can also see

Al .
o
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Binary Relations

Set of jets M = {a,|1 <i<
6}
Cartesian Product = MxM

Relation: Who can see
who?

Note: 4 can see B does
NOT mean B can also see
Al

o




Binary Relations

Set of Jets M = {g;[1 <i <
6}
Cartesian Product = MxM

Relation: Who can see
who?

Note: A con see B does

aq, a5>, (ag, a5)7 NOT mean B can also see

o

Al




Blnart/ Rela‘t?ons

Set of jets M = {g]1 <i <
6}
Cartesion Product = MxM

Relation: Who can see
who?

Note: A4 can see B does
aq, CL5>, (a37 a5)7 NOT mean B can also see

Ay, a5>} Al fIU




Binart/ Relations

Set of jets M = {g]1 <i <
6}
Cartesion Product = MxM

Relation: Who can see
who?

Note: A4 can see B does
(a3, a5), NOT mean B can oJSo see

} “ W




Binart/ Relations

Set of jets M = {g]1 <i <
6}
Cartesion Product = MxM

Relation: Who can see
who?

Note: A4 can see B does
(a3, a5), NOT mean B can oJSo see

’} Q MXM 4 ﬂU
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Relations

Recall the Cartesian Product of two sets, A = {1,2,3,4} and
Z = {A,B.C} is,

A X Z = {(17 *4>7 (17 B)’ (17 Cj)’ (27 *4>7 (27 B)ﬂ (27 Cj)? (37 *4>7 (37 B)u (37
), (4, A),(4,B),(4,C)}

Relation:
Let A and Z be two sets. 4 l:?narl/ relation R from A to 7 is o subset
of Ax Z, e, R CAxZ

Examples: .

R= {(27 A)v (37 B)a (47 C)}
R={}

R={(2,4)}

o
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S
Relations - Example,

Let A= Set of cities ; B = Set of countries
(a,0) € R where city ais the cap?‘to\l of country b.
(Rit/adh, Saudi Aral:?a), (De_ll«?, Indiox), (Washimjton, USA) are in R.

R = {(a,b):albAa,beZ}

R={(a,b,c):a®> =b>+c* Na,be Z}

o
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Relations- Example_

A b?nam/ relation R on set A is o subset of Ax A
Sal/, A=1{0,1,2,3}, we can have @(amples;
@ The relation is =

{(0,0),(1,1),(2,2),(3,3)}

@ The relation is <

{(0,1),(0,2),(0,3),(1,2), (1,2), (2,3)}

@ The relation is >

{(0,0),(1,1),(1,0),(2,2),(2,1),(2,0),(3,3),(3,2), (3,1), (3,0)}

o
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S
Relations - Example,

Consider the Po“ow?ns, relations defined on the set of reals and the
set of in‘tegefs (that are infinite)

From reals to En‘te_gers, xRy ® |z —y| <1
In other words, xRy (xis related to ) if the distance between
real number x and nteger v is at most 1.

Ry ={(a,b) :a=bAa,beR}

This re,lo:tion S a s‘tf‘aigh‘t liv\e in & dimensions.

Ry ={(a,b,¢):a®> + >+ ? <1Aa,b,ceR}

This relo:tion is a ball of radius 1 in three dimensions.
Rs ={(a,b) :a € ZNbeR}
This relation is a infinite set of vertical lines. ITU



e
Relations - Examples

Ry ={(a,b) :a=bAa,beR}

This relation is a straight line in 2 dimensions.

1y’
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e
Rela‘tions - Examples

Ry ={(a,b,c) : a® +b> + > <1 Aa,b,c € R}

This relation is a ball of radius 1 in three dimensions.

=
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e
Relations - Examples

eq6

ED

Rs ={(a,b) :a € ZNbeR}

This relation is a infinite set of vertical lines.

IJu
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Relations - On a set

A relotion on a set A is a mapping from A —A. As defined, o
relation on a set A4 is o subset of A x A.

Let, A={1,2,3,4}. Which ordered pairs are there in the following
relation?

R = {(a,b)a|b}
Solution: (a,b) € R # and onll/ iR a,b€ A and a divides b, we get:

R = {(17 1)7 (1’2)" (173)* (1"4)7 (2* 2) (274)’ (3/3)7 (4’ 4)}

A A

We coan also represent it like this:

Mudassir
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B EEEE—————
Relations - On infinite set

Consider the Po“owins, GnPinite) relations on the set of integers 7

Ry ={(a,b)|a < b}

Ry = {(a,b)|a > b}

R; = {(a,b)|a = b}

Ry ={(a,b)la=0b or a = —b}
Rs ={(a,b)la=b+ 1}

R¢ = {(a,b)|la+b < 3}

Question: Which of the above relations contains ordered pairs
(]-v 1)7 (]-7 2)7 (27 ]-)7 (17 _1)7 and (27 2)7

iu
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B EEEE—————
Relations - On infinite set

Consider the Po“ow}ng GnBinite) relations on the set of in‘tege_r‘s A

Ry ={(a,b)|a < b}
= {(a,b)|a > b}
={(a,b)|a = b}
= {(a,b)la=b or a = —b}
={(a,b)la=b+1}
= {(a,b)|la+b < 3}

Question: Which of the above relations contains ordered pairs

(17 1)3 (17 2)7 (23 1)’ (17 _1)7 awnel (2a 2)

Answer: The pair (1,1) is in R3, Ry and Rg ; (1,2) is in Ry and Rg;
(2,1) is Ry, Rs and Rs ; (1,—1) is in Ry, R3 and Rg ; and finally, (2,2)
is in Ry, R3 and Ry. ITU
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Relation - Re,pre_Se_n‘ta‘tion

For R=1{(1,3),(2,2),(2,4),(3,4),(4,1)} on the set A =1{1,2,3,4}, we
can represent the R as:

A A
° ¢ >~
T =
. . \\
Coordinate Diagram Arrow Dio\aram

i c’ 0%
oo

Matrix Representation Directed Giroph

AW N =
o o
o =
o o

- o

N
(=]
o
(=]
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"""« L
Relations - Arrow and Matrix Re,pre,se_n‘tdtions

Arrow dias,ram or Directed Grophi For o l:inaﬁ/ relation from A to B .
there is an arrow from a € A to b € B if aRb.
A matrix representation is a rectangular array of numbers with |A]
rows and | B| columns.

® Each row corresponds to an element of A.

@ Each column corresponds to an element of B.

@ There is a 1 in row q, column b, if aRb. Otherwise, there is a 0.
1 2 3 4 5

1 0 1 1 1 0
2 0 0 1 0 0
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e
Relations - Pf‘ope,r’tie_s

The f‘e_lo(tion Ronaset Ais re_Plexive, PR and ov\ly RS
xRz for every x € A

In other words, every x is related to itself.

Arcow D?agrams of Reflexive relations.

o

Mudassir Discrete Structures



Relations - Proper’t%e_s

Which of the Po“ow}ng relations are reflexive?

Example: Let A={1,2,3,4}

Ry = {(L 1)7 (474)v (2>2)7 (37 3)}

Ry = {(L 1), (174)a (2,2)7 (3a 3)’ (47 2)}

{(1,1),(1,2),(2,1),(2,2), (3,3), (4,4)}
{(1,3),(2,2),(3,1),(2,4),(3,3), (4, 4)}

R3

Ry

o




S
Relations - Prope,r’t%e_s

Which of the Po“ow?ns, relations are reflexive?
Example: Let A={1,2,3,4}

Ry ={(1,1),(4,4),(2,2),(3,3)} Reflexive

Ry = {(1,1),(1,4),(2,2),(3,3), (4,2)} Non-Reflexive

Rs ={(1,1),(1,2),(2,1),(2,2),(3,3), (4,4)} Reflexive

Ry ={(1,3),(2,2),(3,1),(2,4), (3,3), (4,4)} Non-Reflexive

Reple)dve relod’.ion s a f‘elo(tion of elemen‘ts of a set 4 such that
each element of the set is related to tself.

o
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Relations - Prope,r’tie_s

o~
The relation R on o set A is anti-reflexive or ir-reflexive i and ov\ly
iR
(z,7) ¢ R For every v € A <
[ s e
]
[\ (9 2

Arcow biagrams of An‘ti-Re_Plexive r‘e_lo(tions. frU
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e
Relations - Prope,r’t%e_s

PV

(9

Note: it is quite possible to have a relation that is neither reflexive
nor anti-reflexive.

o
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e
Relations - Prope,r’t%e_s

The relation R on o set A is St/mme:tric iR and only RS

A
(z,9) € R = (y,2) € R for every z,y € A .
Arrow Diagrams of St/mme_‘tﬁc relations.

o
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e
Relations - Pf‘ope,r’tie_s

Let’s consider the Po“owing definition:

Sv./mme‘tn/:
A relation R on o set A is called symmetric # (b,a) € R, whenever
(a,b) € R.

Example: Let A={1,2,3,4}

Ry ={(1,1),(4,4),(2,2),(3,3)}

Ry ={(1,1),(1,4),(2,2),(3,3), (4,2)}

Ry ={(1,1),(1,2),(2,1),(2,2),(3,3), (4,4)}
Ry ={(1,3),(2,2),(3,1),(2,4),(3,3), (4,4)}

o
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S
Relations - Prope,r’t%e_s

Let’s consider the Po“ow?ng definition:

St/mme_‘tﬁ/:
A relation R on o set A is called symmetric if (b,a) € R, whenever
(a,b) € R.

Example: Let A={1,2,3,4}

Ry ={(1,1),(4,4),(2,2),(3,3)} Symmetric

Ry ={(1,1),(1,4),(2,2),(3,3), (4,2)} Non-Symmetric (asymmetric)

Ry ={(1,1),(1,2),(2,1),(2,2),(3,3),(4,4)} Symmetric

Ry ={(1,3),(2,2),(3,1),(2,4),(3,3),(4,4)} Non-Symmetric (asymmetric)

o
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e
Relations - Prope,r’t%e_s

The r*e_loction Ronaset Ais An‘ti-symme_'tﬁc iR and onlt/ iR

\
(z,y) € RA(y,2) € R == z =y Por every 2,y € A \
Arcow Diagrams of Anti-Symmetric relations.

o
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e
Relations - Prope,r’t%e_s

The relation R on a set A is Transitive if and only iR

(z,y) € RA(y,2) € R = (v,2) € R For every 1,y,z € A

Arrow Diagrams of Transitive relation.

o
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e
Relations - Prope,r’t%e_s

The relation R on a set A is Transitive i and onll/ RS ‘

(z,y) €E RA(y,2) € R == (2,2) € RPor every z,y,2 € A

Arrow Diagrams of Transitive relation.

o
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Relations - Pf‘ope,r’tie_s

The relation R on a set A is Transitive if and onlt/ RS

(z,y) € RA(y,2) € R = (2,2) € R for every z,y,z € A

Arrow Diagrams of Transitive relation. ITU
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S
Relations - Prope,r’t%e_s

Let’s consider the Po“owing definition:

TransTtivItt/:

A celation R on a set A is called Transitive i (a,0) € R and (b, ¢) € R,
imPl(/ that (a, C) € R, where all a,b,ce A.

Example: Let A={1,2,3,4}

Ry ={(1,1),(1,2),(1,3),(2,3)}

Ry ={(1,2),(1,3),(2,2),(3,3),(2,4)}
Ry ={(1,1),(2,2),(4,4),(3,3), (4,3)}
Ry ={(1,3),(2,2),(2,4),(3,4), (4, 1)}

o
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e
Relations - Pf‘ope,r’tie_s

Let’s consider the Po“owing definition:

TransTtivItt/:

A celation R on a set A is called Transitive i (a,0) € R and (b, ¢) € R,
imPl(/ that (a, C) € R, where all a,b,ce A.

Example: Let A={1,2,3,4}

Ry ={(1,1),(1,2),(1,3),(2,3)} Transitive

Ry ={(1,2),(1,3),(2,2),(3,3),(2,4)} Non-Transitive
Rs ={(1,1),(2,2),(4,4),(3,3),(4,3)} Transitive

Ry =1{(1,3),(2,2),(2,4),(3,4),(4,1)} Non-Transitive

o
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e
Relations - Prope,r’t%e_s

The relation R on o set A is Anti-Tronsitive if and or\l(/ hs

(z,y) € RA(y,2) € R = (2,2) ¢ R For every z,y,2 € A

Arrow D?agrams of Anti-transitive relation.

o
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e
Relations - Prope,r’t%e_s

The relation R on a set A is Anti-Transitive if and onlt/ RS

\
(z,y) € RN (y,2) € R == (2,2) ¢ RPor every z,y,2 € A \
Arrow D}agrams of Anti-transitive relation.

o
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"""« L
Relations Prope_r’t?e,s - Proctice

Consider the re,lo:tiom,

R: less than or eqUO\l over the set of real numbers.

TRy = z<y
plo&n your Pea$onin3.
Q@ Is R reflexive?
Q Is R symme‘tdc?
Q Is R transitive?
@ Is R anti/irreflexive?

Q Is R anti—symmetric?

o
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"""« L
Relations Prope_r’t?e_s - Proctice

Is it reflexive?

(Rx fFor all z € AY?

o
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"""« L
Relations Prope_r’t?e_s - Proctice

Is it reflexive?

GRx Por all 2 € AY?

o Yes!

IR € A then 2 < 7 is also true since 'tl«\e_y are equoxl. So the

iu
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"""« L
Relations Prope_r’t?e_s - Proctice

Isit Symme‘tf‘ic?

GRy == yRx For all 2,y € AY?

o
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"""« L
Relations Prope_r’t?e_s - Proctice

Isit sv./mw\e‘tric?

GRy == yRx For all 2,y € Ay?

e No.

e (5,6) € R but (6,5) ¢ R.
o
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"""« L
Relations Prope_r’t?e_s - Proctice

Is it Anti-Reflexive?

(xRx is not true for all z € AY?

o
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"""« L
Relations Prope_r’t?e_s - Proctice

Is it Anti-Reflexive?

(Rx is not true for all z € A)?

e No.

° Coun'te_r*e)«xmple: 5R5.

o
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"""« L
Relations Prope_r’t?e_s - Proctice

Isit Av\ti—Symme}tr‘Ic?

GRy and yRx mplies z =y For all 2,y € A)?

iu
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"""« L
Relations Prope_r’t?e,s - Proctice

Isit An’ti-St/mme_'t fc?

Ry anl yRx imphe_s z=yPorall z,y € AY?

o YES.

@ The onll/ woy & <y and at the same time y < T is when = = 7.
1u
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e
A Question

True or False?

If o l:inart/ relation is tronsitive and symme;tr?c, then it is also
reflesive?

o
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A Question

True or False?

If a lainart/ relation is transitive and symmetric, then it is also

CJ
@

reflexive?
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A Question

True or False?

If a lainart/ relation is transitive and symmetric, then it is also

CJ
@

reflexive?

YES.
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A Question

True or False?

If a lainart/ relation is transitive and symmetric, then it is also

CJ
@

reflexive?

YES.
Except For o trivial case when an element
is not reloted to any other element.
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Closure of Relation

The closure of a relation R with respect to property P is the relation

obtained Bc/ adchng the minimum number of ordered pairs to R to ob-
tain the prope,r’ty P.

Lets see the closure of relations with respect to the Po“ow?ns, prop-
erties:

o Reflexive closure
° Symme'tr}c closure

@ Transitive closure

o
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Reflexive Closure

Consider & set: A = {a,b,c}
Binary relation: R = {(a,a),(a,b),(b,a),(b,c)} CAx A

C)

O——O©
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Reflexive Closure

Consider & set: A = {a,b,c}
Binary relation: R = {(a,a),(a,b),(b,a),(b,c)} CAx A

C)

Is R reflexive?.

O——O©
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Reflexive Closure

Consider & set: A = {a,b,c}
Binary relation: R = {(a,a),(a,b),(b,a),(b,c)} CAx A

C)

Is R reflexive?. No!

O——O©
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Reflexive Closure

Consider & set: A = {a,b,c}
Binary relation: R = {(a,a),(a,b),(b,a),(b,c)} CAx A

C)

Is R reflexive?. No!

What is the minmum set of pairs that
we need to add to R to make it re-
'Ple)(ive?

O——O©
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Reflexive Closure

Consider a set: A = {a,b,c}
Binary relation: R = {(a,a),(a,b),(b,a),(b,c)} CAx A

C

Is R reflexive?. NO!

What is the minimum set of pairs that
we need to add to R to make it re-
flexive? 7(R) = RU{(b,b),(c,c)}

Co—e)
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St/mme,‘tﬁc Closure

Consider & set: A = {a,b,c}
Binary celation: R = {(a,a),(a,b),(b,a),(b,c)} C Ax A

C)

O——©
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Sc/mme,‘tﬁc Closure

Consider & set: A = {a,b,c}
Binary celation: R = {(a,a),(a,b),(b,a),(b,c)} C Ax A

C)

Is R symme_'tric?.

O——©
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Sc/mme,‘tﬁc Closure

Consider & set: A = {a,b,c}
Binary celation: R = {(a,a),(a,b),(b,a),(b,c)} C Ax A

C)

IsR symmetric?. NO!

O——©
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Sc/mme,‘tﬁc Closure

Consider & set: A = {a,b,c}
Binary celation: R = {(a,a),(a,b),(b,a),(b,c)} C Ax A

C)

IsR s«./mme'tric?. NO!

What is the minimum set of pairs that
we need to add to R to make it Sym-
metrie?

O——©
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Sc/mme,‘tﬁc Closure

Consider & set: A = {a,b,c}
Binary celation: R = {(a,a),(a,b),(b,a),(b,c)} C Ax A

C)

Is R symmetric?. NO!

What is the minimum set of pairs that
we need to add to R to make it Sym-
metric?  s(R) = RU{(c,b)}

O——©
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Tronsitive Closure

Consider a set: A= {a,b,c}
Binary relation: R = {(a,a), (a,b), (b,a),(b,c)} C Ax A

o

®
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Tronsitive Closure

Consider a set: A= {a,b,c}
Binary relation: R = {(a,a), (a,b), (b,a),(b,c)} C Ax A

o

Is R Transitive?.

®
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Tronsitive Closure

Consider a set: A= {a,b,c}
Binary relation: R = {(a,a), (a,b), (b,a),(b,c)} C Ax A

o

Is R Tronsitive?. NO!

®
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Tronsitive Closure

Consider a set: A= {a,b,c}
Binary relation: R = {(a,a), (a,b), (b,a),(b,c)} C Ax A

o

Is R Transitive?. NO!

What is the minimum set of pairs that
we need to add to R to make it Tran-
sitive?

®
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Tronsitive Closure

Consider a set: A= {a,b,c}
Binary relation: R = {(a,a), (a,b), (b,a),(b,c)} C Ax A

o

Is R Transitive?. NOI!

What is the minimum set of pairs that
we need to add to R to make it Tran-
sitive?  ¢(R)=RU{(a,c)}

®
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Tronsitive Closure

Consider a set: A= {a,b,c}
Binary relation: R = {(a,a), (a,b), (b,a),(b,c)} C Ax A

Is R Transitive?. NO! <>

What is tThe minimum set of pairs that
we need to add to R to make it Tran-
sitive?  #(R) = RU{(a,0)}

Is Sow\e'th?ns wﬁSSing?

®
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Tronsitive Closure

Consider a set: A= {a,b,c}
Binary relation: R = {(a,a),(a,b),(b,a),(b,c)} CAx A

Is R Transitive?. NO! <>
What is the minimum set of pairs that

we need to add to R to make it Tran-

sitive? t(R) = RU{(a,c) ,(b,b)}

Is some'thimj m}ssing? Since

(b,a),(a,b) € R, we should also have
(b,0)

®
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Closures - Practice Questions

Let R be o relation such that Va € A, 3b such that either aRb or
biRav.

Is it true or Palse?
The transitive closure of the st/mw\e_‘tric closure of Ris

also f‘e_Plex‘uVe_, that is, t(R)) is Peplexive_.

Yes. Can you show how?
For illustration, lets look at an e_xample.

o
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e
Closures - Practice Questions

Let R be a relation such that Ya € A, 3b such that either aRb or
bRa.

Is it true or Palse?
The transitive closure of the symw\e_‘tﬁc closure of R is

also rePle,x‘uVe_, that is, t(R)) is r‘e_Plex?ve.

Yes. Can you show how?
For i“us‘tr‘oct?ov\, lets look at an example.

A o
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e
Closures - Practice Questions

Let R be a relation such that Ya € A, 3b such that either aRb or
bRa.

Is it true or Palse?
The transitive closure of the symw\e_‘tﬁc closure of R is

also rePle,x‘uVe_, that is, t(R)) is r‘e_Plex?ve.

Yes. Can you show how?
For i“us‘tr‘o\'t?ov\, lets look at an example.

S/

O—©0© OG—O© Ju
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e
Closures - Practice Questions

Let R be a relation such that Ya € A, 3b such that either aRb or
bRa.

Is it true or Palse?
The transitive closure of the symw\e_‘tﬁc closure of Ris

also rePle,x‘uVe_, that is, t(R)) is r‘e_Plex?ve.

Yes. Can you show how?
For i“us‘tr‘oct?ov\, lets look at an exo\mple.

@ @)
@/—-© @.//:@ O@«//:’@Q I
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e
Closures - Practice Questions

Let R be o relation such that Va € A, 3b such that either aRb or
bRa.

Is it true or false?
The transitive closure of the symmetric closure of Ris

also re;Ple,xive_, that is, T(R)) is reflexive.

o
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e
Closures - Practice Questions

Let R be o relation such that Va € A, 3b such that either aRb or
bRa.

Is it true or false?
The transitive closure of the symmetric closure of Ris

also re;Ple,xive_, that is, T(R)) is reflexive.

1. We Want To Show (WTS): Va € A4, (a,a) € t(s(R)).
2. 3. 4.

o
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e
Closures - Practice Questions

Let R be o relation such that Va € A, 3b such that either aRb or
bRa.

Is it true or Palse?
The transitive closure of the $ymme,‘tﬁc closure of R is

also reflexive, that is, t(s(R)) is reflexive.

1. We Want To Show (WTS): Va € A4, (a,a) € t(s(R)). OR (c,c) € t(s(R)) for
arbitrary c.

A 3 4.

o
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e
Closures - Practice Questions

Let R be o relation such that Va € A, 3b such that either aRb or
biRav.

Is it true or Ralse?
The transitive closure of the symme‘tﬁc closure of R is

also reflexive, that is, t(s(R)) is reflexive.
1. We Want To Show (WTS): Va € A, (a,a) € t(s(R)). OR (c,c) € t(s(R)) for
arbitrary c.

2. From Hypothesis: For an arbitrary ¢ € 4, we have (c,d) € R for some d. if
c=d, we are done.
3. 4.

o
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e
Closures - Practice Questions

Let R be o relation such that Va € A, 3b such that either aRb or
bRa.

Is it true or false?
The transitive closure of the symmetric closure of Ris

also re;Ple,xive_, That is, t((R)) is reflexive.

1. We Want To Show (WTS): Va € 4, (a,a) € t(s(R)). OR (c,c) € t(s(R)) for
arbitrary c.

2. From Hypothesis: For an o\rbitram/ c€ A, we have (c,d) € R for some d. if
¢ =d, we are done.

3. Case c#d: we have (d,c) € s(R) bl/ definition of symmetric closure.

.

o
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Closures - Practice Questions

Let R be o relation such that Va € A, 3b such that either aRb or
biRa..

Is it true or Ralse?

The transitive closure of the symmetric closure of R is

also reflexive, that is, t(s(R)) is reflexive.

1. We Want To Show (WTS): Va € A4, (a,a) € t(s(R)). OR (c,c) € t(s(R)) for
arbitracy c.

2. From Hypothesis: For an arbitrary c€ A, we have (c,d) € R for some d. if
c=d, we are done.

3. Case c#d: we have (d,¢) € s(R) l:t/ definition of symmetric closure.

4. As (c,d) € s(R),A\(d,c) € 5(R), we have (c,c) € t(s(R)) by definition of
transitive closure. Q.E.D.

Mudassir Discrete Structures



e
What is Modular Arthwmetic?

Modular arithmetic is a sys‘te_m of arithmetic for in‘te_ge,r‘s that
considers only the remainders when dividins, numbers.

Definition

For a positive integer m, two integers a and b are said to be
congruent modulo m i#® they have the same remainder when divided Ev./
m. This is denoted as:

a=b (mod m)

o
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Addition in Modular Arithmetic

To perform addition in wodular arthmetic, add the numbers as you
norma“t/ would and then take the remainder when divid}ng by m.

Example_

ifu
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Subtraction in Modular Arthmetic

To perPom subtraction in modular arithmetic, subtract the numbers
as you noma“y would and then toke the remainder when div}d3n3 Bt/ m.

Exo\mple,

11—8=3 (mod 5)

o
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Mul‘t?plico(t?on in Modular Arthwmetic

To pe_rPorm mul‘t?plication in modular arithmetic, mul’biply the numbers
as you norma“y would and then toke the remainder when Jivid?ng (:u./ m.

Exomple

6-4=24=4 (wod 5)

ifu
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Division n Modulod‘ Arthmetic

Division in modular arithmetic is a bit wore complex. You need to find
‘the modular mul'tiplicative inverse.

Example_

To find 12 +3 (mod 7), you need to Rind the modular w«ultplicoct]ve_
nverse of 3 wodulo 7, which is 5. Therefore:

12:3=12-5=60=4 (wmod 7)

ifu
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Equ?ValenQe Relation

We saw that relation on a set 4 is Reflexive, if it is Symmetrie, and
Transitive. Exce,p‘t for a trivial case!

Some‘thing Punm/ happens when o re_loction on o

set 4is Re_Ple_)dve_, Sc/mme_'tric, oand Transitive
at the same time. Can you guess what?

o
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"""« L
Equ?ValenQe Re_la‘tion

We sow that relotion on a set 4 is Re{lle,xive_, PRitis Symme‘tf‘ic, and
Transitive. Except for a trivial case!

Some_'thing Punm/ happens when o re_lo:tbn on o
set 4is Re_Plexive_, S«./mme_'tric, ond Transitive
at the same time. Can you guess what?

Parts (subsets) of set 4 sort of “Qlump" together into clusters.
The phe_nome_non is known EquiValence Relo:tbn.

o
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Equ?ValenQe Re_la‘tion

Formallt/, a relation on a set A is Equ:vale_nce_, Ritis Re_Plexive_, Sym-
metrie, and Transitive.

An Equivalence relation ‘partitions' the set A into
parts called equivalence classes.

A Partition of a set 4, is a \Qamilt/ of subsets (each called a par“t)
Al, AQ, coog Ak such that

® They are non—e_mp‘ty. V1 <i<k A #0.
® They cover all A, Ur<icks 4i = A.
° They don’t overlap. Vi<i#j<kAnNA; =0

o
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Equ?vO\le_nQe_ Re_la‘tion: Examples

Consider the relation of equal cardinalrtt/ on power set of a set 4,
i.e, For XY C A, aRb (or a b) whenever | X| = |Y|.

IsR an EquiValence?
How many eauivalence classes?
Whot is lo«‘gest one? And what is its size?

Consider the intersection relation on power set of a set 4, ie,
For X,Y C A, aRb whenever X NY # (.

e IsRan Equ?Valence?
® How many equivalence classes?
@ What is larges‘t one? And what is its size?

o
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"""« L
Equ?vO\le_nQe_ Re_la‘tion: Examples

Consider the relation of equal cardinalrtt/ on power set of a set 4,
i.e, For XY C A, aRb (or a b) whenever | X| = |Y|.

IsR an EquIVO\le_nce_? YES/
How many eauivalence classes?
Whot is lo«‘gest one? And what is its size?

Consider the intersection relation on power set of a set 4, ie,
For X,Y C A, aRb whenever X NY # (.

e IsRan Equ?Valence?
® How many equivalence classes?
@ What is larges‘t one? And what is its size?

o
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"""« L
Equ?vO\le_nQe_ Re_la‘tion: Examples

Consider the relation of equal cardinalrtt/ on power set of a set 4,
i.e, For XY C A, aRb (or a b) whenever | X| = |Y|.

IsR an EquIVO\le_nce_? YES/
How many equiVa[ence closses? n+1
Whot is lo«‘gest one? And what is its size?

Consider the intersection relation on power set of a set 4, ie,
For X,Y C A, aRb whenever X NY # (.

e IsRan Equ?Valence?
® How many equivalence classes?
@ What is larges‘t one? And what is its size?

o
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"""« L
Equ?vO\le_nQe_ Re_la‘tion: Examples

Consider the relation of e_qqu comd?nali‘ty on power set of a set 4,
i.e., For X|Y C A, aRb (or a b) whenever | X| = |Y].

Is R an Equivalence? YeS!

How many equIVO\[ence classes? n+{

Whot is larges‘t one? And what is its size? (Z)
2

Consider the intersection relation on power set of a set 4, i.e,
For X,Y C A, aRb whenever X NY # (.

@ IsRan EunVO\ley\ce,?
® How many equivalence classes?
@ What is larges‘t one? And what is its size?

o
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"""« L
Equ?vO\le_nQe_ Re_la‘tion: Examples

Consider the relation of e_qqu comd?nali‘ty on power set of a set 4,
i.e., For X|Y C A, aRb (or a b) whenever | X| = |Y].

Is R an Equivalence? YeS!
How many equIVO\[ence classes? n+{
Whot is larges‘t one? And what is its size? (Z)

2

Consider the intersection relation on power set of a set 4, i.e,
For X,Y C A, aRb whenever X NY # (.

@ IsRan EquIVO\le_nce_? NO!
® How many equivalence classes?
@ What is larges‘t one? And what is its size?

o
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Equ?Valence Re_la‘t?on: Examples

Example: Let R be the relation on the set of real numbers such
that (a,b) e R R a—bis an integer.

Question: Is R an equ3ValeHQe relation?

o
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Equ?vO\le_nce_ Re_loct?on: Examples

Example,: Let R be the relation on the set of real numbers such
that (a,b) € R ¥ a—b is an integer.

Question: Is R an equ?ValenQe relation?

@ As a —a =0, which is an in’te_ger for every real numbers a. So,
(a,a) € R for every real number a. Hence R is reflexive.

o Let (a,b) € R, then a—bis an integer, so b—ais also an integer.
Hence (b,a) € R, i.e, Ris symmetric.

o If (a,b) and (b,c) € R, then a — b and b — c are integers. So,

a—c=(a—b)+(b—c)is also an integer. Hence, (a,¢) € R. Thus R
is transitive

Consequen'tlt/, R is an equiVO\le_V\Qe, relation.

o
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Equivalence Classes

IR Ris an equiVQlence relation over A, then for each a € A the equiv-
alence class of ¢, denoted by [a], is the set [a] = z|zRa.

An equivalence class has important properties:
0 The equivalence classes over 4 form a partition of A.
® For every pair a,b € A we have either [a] = [b], or [a] N [b] = 0.

In other wor‘ds, every e_le_me_n‘t S in onlt/ one e_quIVQle_nce_ class.

o
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______________________________________________
Equivalence ¢ lasses

Define the relation, R on Z, so that (z,y) € R i and onll/ Wz mod 5=
y wmod 5.

Is this an equivalence relation? Yes. (RST).

There are five equivalence classes under R corresponding to the five
Possible VO\IUQS wmod 5:

{0,5,10, ...
{1,6,11,...
{2,7,12,. ..
{3,8,13,...
{4,9,14, ...

[ Y G A N )

o
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Inverse Re_lo(t?on

For o binary relation R from set A to B, an inverse relation R~ is

defined as o relation from set B to A where bR 1a PR aRb where a €
A oand b € B.

o For example, i® R = {(z,1), (y,2), (y,7)} then
R = {('737 y)7 (Za y), (y7 33)}
@ Practice: prove that WP Ris symme_‘tric then R~ !is also symmetric.

® Practice: prove that (R7!)™' =R

Point to Ponde,rz If Ris an eqUIVQlence f‘e,lation, is it true that R lis
also an equiValence relation?

o
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